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INTRODUCTION
Let g be an irreducible germ of plane analytic curve at the origin with
 4  .equation f s 0, f g C x, y . We will denote by J s f , ­ fr­ y, ­ fr­ x the
 .jacobian ideal and by G the semigroup of g . Let t g be the Tjurina
 .  4number of g , that is, t g s dim C x, y rJ.C
Assume that g is generic among all irreducible germs with semigroup G
 .in the sense that the coefficients of a Puiseux expansion of g are generic .
In this paper we give an algorithm that starting from the semigroup G
 .computes the Tjurina number t g and allows us to determine a C-basis of
 4  .C x, y rJ. As t g is upper semicontinuous, we get the minimum Tjurina
number among all germs having semigroup G. Because two irreducible
 .germs of analytic plane curve are equisingular or topologically equivalent
if and only if they have the same semigroup, we get the minimum Tjurina
number in the equisingularity class of g . We will denote it by t . This is amin
significant invariant because it gives the dimension of the generic compo-
nent of the moduli space of irreducible curves with fixed semigroup see
w x. w x10 . In 7 , Laudal and Pfister study the moduli space for plane curve
 :singularities with semigroup G s n, m and give formulas for the dimen-
w xsion of the generic component generalizing results of Zariski 12 and
w x w xDelorme 4 . In 6 Greuel and Pfister give a stratification of this moduli
space in such a way that all the strata are geometric quotients of quasi-af-
 w x.fine subschemes see also 5 .
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Precedent computations of Tjurina numbers of germs of plane curves
w x w xcan be found in 2, 8 . In 8 , Luengo and Pfister give a closed formula for
 .  :t g in case that g has its semigroup generated by 2 p, 2 q, 2 pq q d .
w xBriancËon, Granger, and Maisonobe 2 give an algorithm that computes
t for equisingularity classes corresponding to semigroup with two gen-min
 .erators i.e., the case of a single characteristic exponent . Their algorithms
also applied to some non-irreducible equisingularity classes. Our algorithm
computes t for any irreducible equisingularity class.min
w xWe use a technique similar to that of 2 but using filtrations of
w xcomplete ideals instead of escaliers. In 3 , Casas-Alvero introduces the
notion of a flag of complete ideals and uses it to compute the integral
 .  4closure and the codimension of a x, y -primary ideal on C x, y . In this
paper we construct a flag of complete ideals adapted to the jacobian ideal,
J, of a germ of plane analytic curve. Namely, we construct a sequence of
complete ideals
H > H > ??? > H ,0 1 M
such that H > J > H and dim H rH s 1, i s 0, . . . , M y 1. By tak-0 M i iq1
ing the traces on J, J s H l J, we get a sequence of embodied idealsi i
J s J > J = ??? = J s H ,0 1 M M
 .with dim J rJ F 1, i s 0, . . . , M y 1. We say that H is a gap for J ifi iq1 i
 .J s J , otherwise we say that it is a non-gap. Then, if a J is the numberi iq1
of gaps for J, one easily obtains that
codim J s a J q codim H . . 0
If we denote by 2d the conductor of the semigroup G and by n the
multiplicity at the origin of g , the flag that we construct is such that
 .codim H s d q n y 1, hence computing t g is equivalent to compute0
 .  .a J . In general, one cannot expect to determine a J in terms of the
 .  .semigroup, because t g , and hence a J , depends on the analytical type
of g and not only on its equisingularity class, but in case that g is generic
we give an effective algorithm for the computation of the non-gaps for its
jacobian ideal that only depends on the semigroup G. Once non-gaps are
computed, elements z g H _ H , for H a gap, together with a C-basisi i iq1 i
 4of H rJ, which is easily determined, give a basis of C x, y rJ.0
In case of a single characteristic exponent our algorithm is equivalent
w xbut not equal to the algorithm of 2 .
An implementation of our algorithm in a Mathematica package has
been written by J. Elias and the author. The package is available, on
request, from the author.
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The paper is organized as follows: In Section 1 we deal with auxiliary
statements concerning the Puiseux expansion and the semigroup of a germ
of plane curve. In Section 2 we construct a flag of complete ideals adapted
to the jacobian ideal. In Section 3 we describe the algorithm. Sections 4, 5,
and 6 are devoted to provide the tools needed in Section 7 to show that
from the algorithm we get the non-gaps for the jacobian ideal. This allows
 4us to give a C-basis of C x, y rJ and the minimum Tjurina number for
irreducible germs of plane curve with fixed semigroup.
It is a pleasure to express my gratitude to E. Casas-Alvero for his advice
and encouragement during the preparation of this paper. I also thank J.
Elias for programming the algorithm.
1. PRELIMINARIES AND NOTATIONS
Let S be a smooth analytic surface and fix a point O g S. We will
denote by O the complete local ring of S at O and by m its maximal ideal,
 4thus O , C x, y for any pair of generators x, y of m.
We call system of characteristic exponents any ordered set of positive
 4  .rational numbers M s m rn such that g.c.d. n, m , . . . , m s 1,i is1, . . . , k 1 k
 .n - m , m - m for r s 2, . . . , k and m f n, m , . . . , m for any1 ry1 r r 1 ry1
r s 1, . . . , k.
We will denote by N the set of non-negative integers, so 0 g N.
Let g be an irreducible germ of analytic curve at O with system of
 4characteristic exponents M s m rn , and defined by the equationi is1, . . . , k
 4f s 0, f g C x, y .
i  .For any i, i s 1, . . . , k y 1, we take n s g.c.d. n, m , . . . , m and1 i
n0 s n. Notice that ni divides niy1, for i s 1, . . . , k, and nk s 1.
We assume that the local coordinates x, y are chosen so that the y-axis
is not tangent to g and the x-axis has maximal contact with g , so the
Puiseux expansion of g has the form
s x s a x jr n , .  j
 .jgI M
 .   ry1. 4where I M s i g N ¬ i G m , i g n for i - m , r s 2, . . . , k .1 r
 4Recall that given g g C x, y , the intersection multiplicity of z : g s 0
w x   n  n...and g at O is z ? g s ord g t , s t . In order to keep simplerO t
 .  .notations, we denote this integer by ord g . By convention ord 0 s `.t t
 4  4  4Thus, ord : C x, y ª Z j ` is a map whose image is G j ` , where wet
denote by G the semigroup of g .
The next lemma will be useful in the sequel.
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 .  .1.1 LEMMA. Let i , . . . , i g I M , i F ??? F i , r G 2. If s , . . . , s1 r 1 r 1 ry1
 .g N are such that i q s g I M , for l s 1, . . . , r y 1, then i q sl l r 1
 .q ??? qs g I M .ry1
 .Proof. It is enough to prove the claim in case r s 2. Let i , i g I M ,1 2
 .s g N be such that i q s g I M ; we have to check that i q s g1 1 1 2 1
 .  .I M . If i q s G m , obviously i q s g I M . Otherwise, m F i q2 1 k 2 1 p 2
 p.s - m for certain p, 1 F p - k. We have to show that i q s g n .1 pq1 2 1
 .  p.Since i g I M and i F i q s - m , then i g n . So it is enough2 2 2 1 pq1 2
 p.to prove that s g n . On the other hand as i q s - m , i1 1 1 pq1 1
 p.  p.  p.F i - m then i q s g n and i g n , hence s g n , as2 pq1 1 1 1 1
wanted.
 .1.2 Let g be the branch with Puiseux seriesi
s x s a x jr n , i s 1, . . . , k . . i j
 .jgI M
j-m i
iy1  wNote that the polidromy order of s is nrn . It is well known see 12,
x. w xII.3.9 that if we set g ? g s m , thenÏi O i
n y n1 m n1 y n2 m niy2 y niy1 m .  .  .1 2 iy1
m s q q ??? q q m ,Ï i iiy1 iy1 iy1n n n
and n, m , . . . , m is a minimal set of generators of G. From now on weÏ Ï1 k
 :will denote by n, m , . . . , m the semigroup generated by n, m , . . . , m .Ï Ï Ï Ï1 i 1 i
Recall also that g , 1 F i F k, has equation g s 0, wherei i
g x , y s y y a « j x jr n . 1.2.1 .  . i j
iy1  /nr n  .jgI M« s1
j-m i
w xLet us call g s x and g : x s 0 the y-axis; then g ? g s n.0 0 0 O
 . I  M .We will denote by a the vector of coefficients a g C .j
 n  n..Let us order g t , s t by the powers of t, i.e.,i
g t n , s t n s a 1 y « j t j q a t j .  . .   i j j
iy1  /nr n  .  .jgI M jgI M« s1
j-m jGmi i
i mÏ qris p a t , . m qrÏ i
rG0
where pi , r G 0, are homogeneous polynomials of degree nrniy1 inm qrÏ i
 .finitely many of the coefficients a .j
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 . i  .1.3 LEMMA. Let r g N. Then p / 0 if and only if m q r g I M ;m qr iÏ i
and in this case
1 iy1 iy2 iy1 iy1 .  .nyn rn n yn rni ip s c a ??? a a q p , .  .m qr i m m m qr m qrÏ i 1 iy1 i i
U iwhere c g C and p depends only on the coefficients a , j - m q r.i m qr j ii
Proof. Once i has been fixed we write n s n jrniy1 in order to keepj
simpler notations. Notice that for every l, 1 - l F i y 1, « n l s 1 if and
m l n ly 1  .only if « s 1 and « s 1, because n s g.c.d. m , n . So, amongl l ly1
the n -roots of unity « , there are exactly n y n such that « n l / 1; thely1 ly1 l
others have « n l s 1 and hence « m l s 1. Thus, we can write
g t n , s t n . .i
s a 1 y « j t j q a t j .   j j
n  /l1FlFiy1 « /1 0 .  .jgI M jgI M 0n ly1« s1 m Fj-m jGml i i
= a t j , 1.3.1 . j / .jgI M
jGm i
and so
pi s a 1 y « j1 ??? a 1 y « ju a ??? a . 1.3.2 . .  .m qr j 1 j u j q1 jnÏ i 1 u u 0
j q ??? qj sm qrÏ1 n i0
Moreover, for each term appearing in the above addition we can order the
indexes j , . . . , j in such a way that they can be written as1 n 0
j s m q r l , u s n y n q 1, . . . , n y n , l s 1, . . . , iu l uyn qn 0 ly1 ly1 l0 ly1
1.3.3 .
and adding all them up, we get
j q ??? qj s m q r l s m q r , 1.3.4 .Ï Ï1 n i q i0
l , q
l l  .and hence  r s r. In particular, r F r, and hence all the j 's in 1.3.3l, q q q u
satisfy j F m q r.u i
 . lAssume that m q r g I M . Since m F m , then m q r s m q r,i l i l q i
that is, a appears in the monomial, if and only if m s m , hence l s im qr l iii l  .and r s r. Then, necessarily all the other r s 0, by 1.3.4 ; therefore we1 q
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can write
i
i m ilp s a 1 y « ? a q p , 1.3.5 .  . m qr m m qr m qrÏ Ïi l i i /n lls1 « /1
n ly1« s1
iwhere p is a polynomial in the coefficients a , j - m q r, and inm qr j iÏ i
particular pi / 0.m qrÏ i i  .Let us prove the converse. If p / 0, then by 1.3.2 , there is at leastm qrÏ i
 j1. j1  ju. ju juq 1a set of n monomials a 1 y « t , . . . , a 1 y « t , a t , . . . ,0 j 1 j u j1 u uq1
a t jn 0 such that j - m , . . . , j - m , j G m , . . . , j G m and jj 1 i u i uq1 i n i 1n 00q ??? qj q j q ??? qj s m q r. Write j , . . . , j , j , . . . , j as inÏu uq1 n i 1 u uq1 n0 0
 .  . l1.3.3 . Since we have seen in 1.3.4 that r s  r , it is enough to useq, l q
 .  .1.1 to get m q r g I M , as claimed.i
 .1.4 Notice that for r s 0 we get
i
i m lp s a 1 y « ? a . 1.4.1 .  . m m mÏ i l i /n lls1 « /1
n ly1« s1
 .  .From 1.3 and 1.4.1 it follows
i i i .1.5 COROLLARY. p ? a s p ? a q p ? a .m qr m m m m qr mÏ Ï Ïi i i iq r i i
 .1.6 Let n g G. We can write it as n s a n q a m q ??? qa m ,Ï Ï0 1 1 q q
q F k, and a / 0. Assume that we fix a split for n g G as above. Weq
denote by g n,
g n s g a0 ??? g aq , 1.6.1 .0 q
then the curve defined by the equation g n s 0 has intersection multiplicity
n with g . Let us write
g n t n , s t n s Q a tnqr , 1.6.2 .  .  . .  nqr
rG0
where each Q is a polynomial.nqr
 .1.7 LEMMA. Assume q G 1. Let r g N. Then Q / 0 if and only ifnqr
 .m q r g I M , and in this case it is homogeneous in the coefficients a ,q j
j F m q r of degree a nrn1 q ??? qa nrnq and can be written asq 1 q
aa qy 11 q1 1Q s a p ??? p p q Q , .  /nqr q m m m qr nqrÏ Ï Ï1 q q
where Q depends only on the coefficients a , j - m q r.nqr j q
 .Proof. The proof is similar to that of 1.3 .
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 .1.8 Notice that for r s 0 we just get
aqa1 q1Q s p ??? p . 1.8.1 . .  /n m mÏ Ï1 q
 .  .  .From 1.5 , 1.7 , and 1.8.1 it follows
 .1.9 COROLLARY. Assume q G 1. Let r g N. Then
ÄQ a s a Q a q Q a ,nqr m q n m nqr mq qq r q
Äwhere Q is polynomical in the coefficients a , j - m .nqr j qqr
 . n a1.10 Notice that in case q s 0, that is, n s a n; then g s x and
n  n  n.. natherefore g t , s t s t . So, in case q s 0 we may extend the defini-
tion of the Q 's in the following way: Q s 1 and Q s 0 for anynqr n nqr
r ) 0.
  ..Let n, m , . . . , m be the minimal set of generators of G see 1.2 .Ï Ï1 k
0 i  .Recall that we denote n s n and n s g.c.d. n, m , . . . , m . It is well1 i
 w x. i  .known see 12, II.3.9 that n s g.c.d. n, m , . . . , m .Ï Ï1 i
Now we are going to prove some lemmas concerning the semigroup G
that will be useful later.
 .  i.1.11 LEMMA. Let d g n , for certain 1 F i F k. Then, it can be
 . iq1written as d s b n q ??? qb m , with b , . . . , b g Z and 0 F b -Ï0 i i 0 i j
n jy1rn j for 1 F j F i.
Proof. We will use induction on i. For i s 0, n0 s n and thus the claim
 i. iis trivial in this case. Assume that d g n , i ) 0. As n s g.c.d.
 .n, m , . . . , m one may write d s a n q a m q ??? qa m . The claimÏ Ï Ï Ï1 i 0 1 1 i i
follows replacing a by the Euclidean division of a by niy1rni and theni i
using induction on i.
 .  i.1.12 LEMMA. Let d g G. If d g n for certain i, 1 F i F k y 1, then
 :d g n, m , . . . , m .Ï Ï1 i
 . w xProof. The claim is an easy consequence of 1.11 and 1, Lemma 5 .
 .  i.1.3 LEMMA. Let d g n for certain i, 0 F i F k y 1, and let I, J g G
 :with d q I s J. Then, there exist I, J g n, m , . . . , m such that I y I s JÏ Ï1 i
y J g G and so d q I s J.
 .Proof. This follows easily from 1.12 .
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2. FILTERING THE JACOBIAN IDEAL
w xIn this section we will use the terminology and results of 3 . Let g be an
irreducible germ of analytic curve at O with the system of characteristic
 4exponents M s m rn , semigroup G, and Puiseux expansioni is1, . . . , k
s x s a x jr n . .  j
 .jgI M
 4  .Let f s 0, f g C x, y , be an equation of g and J s f , ­ fr­ y, ­ fr­ x
the jacobian ideal of g . In this section we will construct a flag of complete
w xideals, in the sense of 3 , adapted to J, i.e., a sequence of complete ideals
 4of C x, y ,
H > H > ??? > H ,0 1 M
 .such that H > J > H and dim H rH s 1, for i s 0, . . . , M y 1.0 M C i iq1
 .  42.1 For every positive integer i, we define the ideal L in C x, y in thei
following way:
 4 n nL s g g C x , y ¬ ord g t , s t G i . 4 . . .i t
 4  4So, one gets a filtration of C x, y : C x, y s L > L s m = ??? = L =0 1 i
L = ??? .iq1
 .  42.2 LEMMA. L is a complete ideal in C x, y .i
 4  .   ..Proof. Define ¨ : C x, y ª Z [ Z by ¨ g s r, ord g , where g st
r  4f g, r g N and g f f C x, y . If in Z [ Z we take the lexicographical
  4  .  .4ordering, then ¨ is a valuation and L s g g C x, y ¬ ¨ g G 0, i .i
 . X  4  .  X.2.3 LEMMA. Let g, g g C x, y with ord g s ord g . Then theret t
U  X.  .exists a unique b g C such that ord g y b g ) ord g .t t
Proof. This follows from an easy computation.
The next result is straightforward and will be needed to define the flag
of complete ideals adapted to J.
 .2.4 COROLLARY. Let 2d be the conductor of the semigroup G. Consider
i g N.
 .  .a i g G if and only if dim L rL s 1.C i iq1
 .b If i G 2d , then dim L rL s 1.C i iq1
 .  .c codim L s d q n y 1.C 2 dqny1
 .2.5 LEMMA. There exists R g N such that L ; J.R
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 4 ww xxProof. By the Puiseux theorem the map C x, y ª C t given by
 n  n..  4 w xg ¬ g t , s t is a local morphism of kernel f C x, y and, by 12, II.1.2 ,
2 d ww xx  4  . 2 d ww xxthe principal ideal t in C t is contained in C x, y r f . So, t C t ;
 4m, where we denote by m the maximal ideal in the local ring C x, y rf.Ä Ä
 4Since J is a m-primary ideal of C x, y , there exists r g N, r G n such that
mr ; J.
 4  4Let g g C x, y ; we denote by g its class in C x, y rf. If g g L , thatÄ 2 d r
 . r r  .is, ord g G 2d r, then g g m , which means that g g m q f ; J, asÄ Ät
claimed.
 .2.6 LEMMA. J ; L .2 dqny1
w 4 xProof. The claim follows from Plucker's formula: ­ fr­ y s 0 ? g sO
w 4 x2d q n y 1, ­ fr­ x s 0 ? g s 2d q m y 1.O 1
 .2.7 For every positive integer i, we denote by H the complete ideali
 . .  .  .L . From 2.4 b , 2.5 , and 2.6 it follows that, for big enough M,2 dqny1qi
H > H > ??? > H > H > ??? > H , 2.7.1 .0 1 i iq1 M
is a flag of complete ideals adapted to J. So taking the traces of J,
J s J l H , we get a sequence of embodied ideals J s J = J = ??? = Ji i 0 1 M
w xs H , with dim J rJ F 1. Using the same terminology of 3 , we sayM C i iq1
 .that H or just i , is a gap for the ideal J if J s J , otherwise we sayi i iq1
 .that it is a non-gap. Let us call a J the number of gaps for J with respect
 .to the flag 2.7.1 . It is obviously related to the codimension of the ideal J
by the formula.
codim J s codim H q a J s d q n y 1 q a J . 2.7.2 .  .  .  .0
Now the aim is to compute the gaps, or equivalently, the non-gaps for
the jacobian ideal of the generic germ with fixed semigroup G. Namely, we
give an algorithm to compute the non-gaps from the semigroup G in case
that the Puiseux series of g has general coefficients. Since t is upper-
w x Xsemicontinuous 10, Chap. III, 2.9.1 , we will have that for any germ g
w x  .  X.with semigroup G, and hence equisingular to g 11, 2.1 , t g G t g , so
 .t g will be the minimum t among all germs in the equisingularity class
of g .
3. DESCRIPTION OF THE ALGORITHM
 .  .  .For a given i g I M we call i the next term after it in I M . Weq1
 .may compute it in the following way: if i G m then i s i q 1. Other-k q1
wise there exists r g N, 1 F r - k, such that m F i - m . If i q nr -r rq1
 . r  .m then, i s i q n , otherwise i s m .rq1 q1 q1 rq1
TJURINA NUMBER 123
 .U  .  4From now on we will denote by I M the set I M j 0 .
Let us first sketch how the algorithm works. The algorithm constructs a
2  .Ufinite subset of N = I M which we describe using induction on the
first component. At each step J we will have the set constructed in the
previous step J y 1; let us call it V . Then, we will define finitely many,Jy1
2  .Uor even zero, elements of N = I M all with first component J; let us
 4call them L . We define the set V asl l g L J
 4V s V j LJ Jy1 l lgL
and we say that the L 's have been constructed at step J. To decidel
whether the algorithm finishes at step J or not, we use the subset of N,
S s p V q G. .Jy1 2 Jy1
The algorithm will finish at step J when
 4j g N ¬ j G J and j f S s B.Jy1
2  .UWe denote by p , p , p the projections of N = I M onto the first,1 2 3
second, and third components, respectively.
Description of the Algorithm. We go on with the precise description of
the algorithm. It begins at step J s m y n. We define1
L s 0, 0, 0 .y1
L s m y n , m y n , m , .0 1 1 1
 4V s L , L ,m yn y1 01
F s B.m yn1
 .and hence, S s G j m y n q G .m yn 11
Let us now assume that for J y 1 G m y n we have defined the set1
V and the sets F X for m y n F J X F J y 1, and recall that S isJy1 J 1 Jy1
defined from V asJy1
S s p V q G. .Jy1 2 Jy1
Step J. If
 4j g N ¬ j G J and j f S s B,Jy1
then the algorithm finishes at step J.
Otherwise consider the set
J s L g V ¬ J y p L g G 4 .J Jy1 2
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and in case J s B, defineJ
F s B.J
In case that J / B, then defineJ
X
X  4F s L g J ¬ p L ) min p J and L f F if J y J g G_ 0 . 4 .  . .J J 3 3 J J
Finally, define V asJ
V s V j J , J q i y i , i ¬ i g p F . 4 .  .  . .q1 q1J Jy1 3 J
2  .UNote that V ; N = I M .J
 .3.1 LEMMA. The algorithm finishes at step J, for some J F 2d .
Proof. By the construction above G ; S ; S for all J. Then,m yn J1
since 2d is the conductor of G, if the algorithm has not finished at J - 2d ,
 4  4B s j g N_G ¬ j G 2d > j g N_S ¬ j G 2d2 d
and the algorithm finishes at step 2d .
From now on we will assume that the algorithm finishes at step N and
we will write V for the set V .Ny1
 .Along the following sections we will prove that p V q G is the set of2
non-gaps for the jacobian ideal of a generic germ with fixed system of
 .characteristic exponents, with respect to the flag of complete ideals 2.7.1 .
4. TECHNICAL RESULTS
This section is devoted to prove some technical auxiliary results needed
in the next sections.
 .  .Let us denote by - - the lexicographical reverse lexicographicalr
3 3  .   ..ordering in N . Given a subset S ; N we denote by min S min S-r
 .   ..and max S max S the minimum and maximum of S with respect-r
 .to the lexicographical reverse lexicographical ordering, respectively.
 . X  .  X. X4.1 LEMMA. Let L, L g V be such that p L s p L . Then L - L3 3 r
if and only if LX - L.
 .  .   ..  .Proof. Since, for any L g V, p L s p L q p L y p L the2 1 3 q1 3
claim follows.
 .  4  .  .4.2 LEMMA. Let L g V_ L , L . Then p L ) m y n and p Ly1 0 2 1 3
) m .1
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Proof. If L g V has been constructed at step J, then L s J, J y i q
 .  . .  .  .i , i , for certain i g p F . Thus, p L ) J G m y n as theq1 q1 3 J 2 1
 .  .algorithm begins at step m y n. On the other hand, as p F ; I M ,1 3 J
 .  .then i ) 0 and so p L s i ) m .3 q1 1
 .  .  44.3 LEMMA. a If L g F , then L f F , for any n g G_ 0 .J Jqn
 .  . X  X X X. Xb Let L s J, I, i , L s J , I , i g V with i - i. Suppose that
there exist n , n X g G such that I X q n X s I q n s R. Assume that the algo-
 4rithm has not yet finished at step R. If there exists l g G_ 0 , such that
n y l g G, n X y l g G then L f F .R
 .  .  q.c Let L s J, I, i g V. If i - m , 1 F q - k, then I g n . Inqq1
 qy1.case i s m then I y i g n .q
 .  .  q.d Let L s J, I, i g F . If i - m , 1 F q - k, then R g n .R qq1
 .  . X  X X X.  X.e Let L s J, I, i g F and L s J , I , i g J with p L sR R 3
  ..min p J . If i s m for certain q, 1 F q F k, then either R y I g3 R q
 : X  : Xn, m , . . . , m and R y I g n, m , . . . , m or both R y I and R y IÏ Ï Ï Ï1 q 1 qy1
 :y m belong to n, m , . . . , m .Ï Ï Ïq 1 qy1
 .Proof. a This follows directly from the definition of the sets F's.
 .b A straightforward computation proves that R y l ) m y n and1
X  .L, L g J . Let us now show that L f F . If L g F , then by a ,Ryl R Ryl
L f F , as claimed. So let us assume that L f F ; since iX - i andR Ryl
L
X g J , the definition of F implies that there exists RX withRyl Ryl
R y l y RX g G and L g F X . On the other hand, since R y l y RX g GR
X  .and l g G, then R y R g G, and by a , L f F as wanted.R
 .c In order to prove the claim we will use induction on J as in the
 . description of the algorithm. For L s 0, 0, 0 and L s m y n, m yy1 0 1 1
.n, m the claim is obviously satisfied.1
Assume that the claim has been proved for any L g V . If V s V ,Jy1 J Jy1
then it is obvious that the claim is satisfied for the elements of V . So letJ
L g V _V . It means that L is constructed at step J; i.e., there existsJ Jy1
 .i g p F such thatL 3 J
L s J , I , i s J , J q i y i , i . 4.3.1 .  .  .  . .L L Lq1 q1
 .Let L g F with p L s i . Since L g F , then there exists L sL J 3 L L L J M
 .J , I , i g J with i - i and n , n g G such that J s I q n sM M M J M L M L M M
I q n . Since F , J ; V , we can apply the induction hypothesis toL L J J Jy1
 .both L and L . As i - i and i s i, then i - m for certainM L M L L q1 L pq1
p, q y 1 F p F q and i - m for certain p, 1 F p F p. By induction,M pq1
p p p .  .  .I g n and I g n , since p F p, then I , I g n .M L M L
 .  :From 1.13 , it easily follows that n , n g n, m , . . . , m . In particu-Ï ÏM L 1 p
 p.  p.lar, n , n g n . As J s I q n , then J g n .M L L L
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 .  .We will distinguish two cases according to i s m or i s iL q1 pq1 L q1 L
p  .q n . Notice that since we are assuming i - m and, by 4.3.1 , i sqq1
 .i , then the above cases correspond to p q 1 s q and p s q, respec-L q1
tively.
 .  p.  .  pq1.In case i s m , we have J y i g n , i g n andL q1 pq1 L L q1
 .  pq1.  p.  qy1.hence I s J y i q i g n , I y i s J y i g n s n , as itL L q1 L
was claimed.
 . pIn case i s i q n , p s q as noticed above, and so J y i gL q1 L L
 q.  .  q.  .  q.n , i g n ; hence I s J y i q i g n again as claimed.L q1 L L q1
 .  .  .d The proof of part d is similar to that of c .
 . X Xe Since L, L g J , then R y I g G, R y I g G. Let us call n sR
X X  .  .  q.R y I and n s R y I . If i - m then, by c and d , I, R g n . Onqq1
X X  . X  q.  .the other hand as i - i and i g I M then i g n and, using again c ,
X  q. X X X  q.  .I g n . Since R s I q n s I q n , then n , n g n , and by 1.12 ,
X  : Xn , n g n, m , . . . , m . So we can write n and n asÏ Ï1 q
n X s a X n q ??? qa X m q a X m ,Ï Ï0 qy1 qy1 q q
n s a n q ??? qa m q a mÏ Ï0 qy1 qy1 q q
 . Xand, by b , either a s 0, or a s 0.q q
If a / 0, then a X s 0 and the first possibility in the claim occurs.q q
Suppose now that a s 0; let us check that we can take a X s 1. Weq q
 . X X jq1 jknow from 1.11 that we can choose a , 1 F j F q, with 0 F a - n rn .j j
X  .  qy1. X  qy1.Since i - i s m , by c , I y i g n and I g n . On the otherq
 qy1. X Xhand, as a s 0, then n g n . So, from I q n s I q n it follows thatq
X  qy1.n y i g n , and this implies
a X m y m g nqy1 . 4.3.2 .  .Ïq q q
w xSince, by 9, 1.5 ,
nqy1
m s m y m q m ,Ï Ïq qy1 qy1 qqy2n
 .  X .  qy1.  qy1.then using 4.3.2 , a y 1 m g n , but as l.c.m. m , n sq q q
X Xqy1 q qy1 1m n rn and we chose a - n rn , necessarily a s 1, as claimed.q q q
 .  . X X  X.  .4.4 LEMMA. a Let D, D g J be such that D / D , p D F p D ,R 3 3
 .  .and m F p D - m we write m s 0, m s ` . Assume that R yp 3 pq1 0 kq1
 .  q.  .  X.  l.p D g n . If l s max p, q , then R y p D g n .2 2
 . X X  .  X.b Let D, D g J such that D / D and p D s p D . AssumeR 3 3
X X X  4  .Xthat D, D f J for any R with R y R g G_ 0 . If m - p D F m ,R p 3 pq1
 .  p.  X.  p.then R y p D g n l G and R y p D g n l G.2 2
TJURINA NUMBER 127
 .  . .  .  .  p.Proof. a By 4.3 c , if m F p D - m , then p D g n . Thus,p 3 pq1 2
 .  q.  l.  .if R y p D g n , R g n , where l s max p, q . On the other hand2
 X.  .  . .  X .  p.as p D F p D , then, by 4.3 c again, p D g n . Hence, R y3 3 2
 X.  l.p D g n , as claimed.2
 .  . X  X X .  .  X.b Write D s J, I, i and D s J , I , i . Since p D s p D and3 3
X  .  . XD / D , by 4.2 , necessarily p D ) m . That is, D, D have been con-3 1
structed at steps J ) m y n, J X ) m y n. So, there are L, LX g V such1 1
X   ..   X..Xthat L g F , L g F , p L s p L s i, andJ J 3 q1 3 q1
I s J q p L y p L , I X s J X q p LX y p LX . .  .  .  . .  .3 3 3 3q1 q1
4.4.1 .
 .  X. X XSince m F p L s p L - m , and L g F , L g F , then, byp 3 3 pq1 J J
 . . X  p. X X4.3 d , J, J g n . On the other hand, as D, D g J , there are n , n g GR
X X  . X Xwith R s I q n s I q n . So, by 4.4.1 , J q n s J q n . Therefore, by
 . X  : X X1.13 , there exist l, l g n, m , . . . , m such that J q l s J q l andÏ Ï1 p
n y l s n X y lX g G. Thus, I q l s I X q lX, which implies that D, DX g
J . As we are assuming that D, DX f J X , for any RX such thatRy nyl. R
X  4 X X X  p.R y R g G_ 0 , necessarily n s l, n s l . Hence, n , n g n , as
claimed.
 .  .U  .4.5 LEMMA. Let i, j g I M be such that i - j. Then, i y i Gq1
 .j y j.q1
 .Proof. In case that i G m , then the claim is obvious as 1 s i y ik q1
 .s j y j.q1
 .X XAssume that m F i - m and m F j - m m s 0, m s ` .q qq1 q q q1 0 kq1
 .  q 4  .  qX 4XSince i s min i q n , m and j s min j q n , m , then ifq1 qq1 q1 q q1
 . q  .i y i s n the claim is obviously satisfied. Otherwise i y i is theq1 q1
q  .  qq1.remainder on division m by n . Thus, i y i g n becauseqq1 q1
qq1  q .  .n s g.c.d. n , m . As i - j and we are assuming i s m ,qq1 q1 qq1
X  .  qq1.  . qq1necessarily q G q q 1. So, as i y i g n , then i y i G n ,q1 q1
and the claim follows.
5. NON-GAPS FOR THE JACOBIAN IDEAL OF A
GENERIC GERM WITH FIXED SEMIGROUP
Let g be an irreducible germ of analytic curve at O. We say that g is
generic if the Puiseux expansion of g has general coefficients. The aim of
 .this section is to prove Theorem 5.3, which will give that p V q G is a2
set of non-gaps for the jacobian ideal, J, of a generic germ with fixed
system of characteristic exponents, with respect to the flag of complete
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 .ideals 2.7.1 . Namely, using induction on the first component of the
elements of V, we will construct for each L g V an element G g J withL
 .  .ord G s 2d q n y 1 q p L .t L 2
The next lemma will be useful for the first step on the induction.
 .  .  .  45.1 LEMMA. Let A x, y , B x, y g C x, y . Then,
­ f ­ f ­ f
n n n nA q B t , s t s t , s t .  . .  . /  /­ x ­ y ­ y
= n n n n ns t A t , s t q B t , s t , .  .  . .  . .
n j n .  .where s t s  a t is a Puiseux series of g and s t sjg I  M . j
 . jyny 1rn  ja t .jg I  M . j
 n  n..Proof. Since f s 0 is an equation of g , f t , s t s 0 identically in t,
from which we get
­ f ds ­ f
ny1 n n n nnt t , s t q t , s t s 0 .  . .  .
­ x dt ­ y
and hence
­ f ­ f
n n n n nt , s t s ys t t , s t .  .  . .  .
­ x ­ y
from which the claim follows.
Next we will fix some notation that we will use along this section.
 .  . l b5.2 For a given b s b , . . . , b g N we denote by z , the monomial1 l
b1 b l w x < <z . . . z in the polynomial ring C z , . . . , z , and by b its degree, i.e.,1 l 1 l
< < w xb s b q ??? qb . We order the monomials of C z , . . . , z by the in-1 l 1 l
verse lexicographical ordering, denoted by $ , that is,
z a $ z b m ' j, 1 F j F l with a - b , a s b ; i , j - i F l.j j i i
w x ULet H s C z , . . . z be an homogeneous polynomial of degree m, k g C1 l
and z b a monomial of degree m. We say that H has leading term kz b if
and only if H can be written as
H s kz b q c z a , k g CU . a
< <a sm
a bz $z
 .From now on we will denote by ld H the leading term of H. Given
w x  . b aH g C z , . . . , z with leading term ld H s kz , we will say that H $ z1 l
if and only if z b $ z a.
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Let g be an irreducible germ of curve at O with system of characteristic
 4exponents M s m rn and defined by the equation f s 0, f gi is1, . . . , k
 4  4C x, y . We keep the same local coordinates x, y as in Section 1, so the
Puiseux expansion of g is given by
y s a x jr n . j
 .jgI M
 . I  M .Recall that we denote by a the vector of coefficients a g C .j
 .  .  .45.3 THEOREM. For each L s J, I, i g V_ 0, 0, 0 there exist G gL
 .f , ­ fr­ y, ­ fr­ x such that
­ f
n n n n L rG t , s t s t , s t h a t , .  .  . .  . L r /­ y rGI
where hL are homogeneous polynomials in the coefficients a and such thatr j
L  .U Lh / 0 if and only if r y I q i g I M . In that case, the degree of h doesr r
not depend on r and
ld hL s r q d A a , . .r L L ryIqi
where I q d ) 0, A is a nonzero monomial in the coefficients a , j - i,L L j
and both d and A do not depend on r.L L
Proof. We will prove the theorem using induction on J as in the
 4description of the algorithm. Since for J s m y n, V s L , L .1 m yn y1 01
 .We take G s ­ fr­ y and G s y­ fr­ x. So, by 5.1 ,L Ly1 0
­ f ­ f j
n n n n jyny t , s t s t , s t a t , .  . .  .  j /­ x ­ y n .jgI M
 .4and hence the claim for V _ 0, 0, 0 follows.m yn1
Since we have chosen G s ­ fr­ y we extend the definition of hL toL ry1
the case L s L in the following way: d s 1, A s 1, hLy1 s 1,y1 L L 0y1 y1
Ly1  .and h s 0 for any r ) 0. Since 0 f I M , by convention we taker
a s 1 and m s 0.0 0
 .4Assume that the claim has been proved for any L g V _ 0, 0, 0 .Jy1
 .4For each L g V _ 0, 0, 0 we fix a G satisfying the claim. In order toJy1 L
keep simpler notations when we refer to an element L of the ordered setL
 .V lexicographical ordering , we will write G instead of G .L L L
 .If V s V there is nothing to prove. So let L s J, I, i g V _VJ Jy1 J Jy1
 .be constructed at step J. There exists i g p F such thatL 3 J
L s J , I , i s J , J y i q i , i . 5.3.1 .  .  .  . .L L Lq1 q1
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In order to construct G we choose L asL L
L s min D g F ¬ p D s i . 4 .L J 3 L
  ..Since L g F , then i ) min p J . We choose L asL J L 3 J M
L s min D g J ¬ p D s min p J . 4 .  . .M J 3 3 J
By definition of J , there are n , n g G such thatJ M L
J s I q n s I q n . 5.3.2 .L L M M
 .UAs i , i g I M and i - i , then either M s y1 and i s 0 orM L M L y1
X X  qX .X Xthere exist q, q , 1 F q F q F k with m F i - m , i g n , m Fq M q q1 M p
 q.  X .i - m , and i g n in case that q s k or q s we write m s ` .L qq1 L kq1
 . .  qX.  q. X  q.Thus, by 4.3 c , I g n , I g n , and, as q F q, both belong to nM L
  q..if M s y1, then i s 0 and it trivially belongs to n . On the othery1
 . .  q.  q.  .hand, by 4.3 d , J g n which implies that n , n g n and, by 1.12 ,L M
 :n , n g n, m , . . . , m . So, we can writeÏ ÏL M 1 q
n jy1
L L L Ln s a n q ??? qa m , u F q , a ) 0, 0 F a -ÏL 0 u u u j jn
for 1 F j F u ,
n jy1
M M M Mn s a n q ??? qa m , ¨ F q , a ) 0, 0 F a -ÏM 0 ¨ ¨ ¨ j jn
for 1 F j F ¨ .
 . nL a0L auL nM a0M a¨MAs in 1.6.1 define g s g . . . g , g s g . . . g and write0 u 0 ¨
g nL t n , s t n s Q L a t r , g nM t n , s t n s Q M a t r . .  .  .  . .  . r r
rGn rGnL M
 .  . LFrom 1.7 and 1.9 the nonzero Q have all the same degree which doesr
not depend on r and their leading terms can be written as
ld Q L s Q a , ld Q L s a LQ a , 5.3.3 . .  .n L m n qs u L m qsL u L u
where Q is a nonzero monomial in the coefficients a , a , . . . , a .L m m m1 2 uy1
Likewise, the nonzero Q M have all the same degree and their leadingr
terms can be written as
ld Q M s Q a , ld Q M s a MQ a , 5.3.4 . .  .n M m n qs ¨ M m qsM ¨ M ¨
where Q is a nonzero monomial in a , a , . . . , a .M m m m1 2 ¨ y1
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 .  . L  MIn case u s 0 or ¨ s 0 we write, as in 1.10 , Q s 1 Q s 1,n nL M
.  . L  Mrespectively , Q s 1 Q s 1, respectively , and Q s 0 Q s 0,L M n qs n qsL M
.respectively for any s ) 0.
nL n  n..We are going to describe more explicitly G g t , s t andL
nM  n  n..G g t , s t . Since L , L g J ; V we can apply the inductionM M L J Jy1
hypothesis to both G and G and writeL M
­ f
n n n n nLG ? g t , s t s t , s t .  . .  .L ­ y
= hL a t ILqs 1 Q L a tnLqs 2 .  . I qs n qsL 1 L 2 /  /
s G0 s G01 2
­ f
n n L I qn qsL Ls t , s t h a t , .  . .  I qn qs /L L­ y sG0
where
L L Lh s h ? Q 5.3.5 .I qn qs I qs n qsL L L 1 L 2
s qs ss1 2
s , s G01 2
is an homogeneous polynomial in the coefficients a and its degree doesj
 . Lnot depend on s, because, by 1.7 , all nonzero Q , s G 0, are homoge-n qs 2L 2
neous and have the same degree. By induction, we assume that hL , sI qs 1L 1
G 0, are also homogeneous polynomials all of the same degree.
In particular,
L L L Lh s h s h ? Q 5.3.6 .J I qn I nL L L L
is an homogeneous polynomial in the coefficients a , j F i .j L
nM  n  n..Reasoning in the same way, but this time with G ? g t , s t weM
write
­ f
n n n n n M I qn qsM M MG ? g t , s t s t , s t h a t , .  .  . .  . M I qn qsM M­ y sG0
where
M M Mh s h Q 5.3.7 .I qn qs I qs n qsM M M 1 M 2
s qs ss1 2
s , s G01 2
are homogeneous polynomials all of the same degree.
In particular,
M M M Mh s h s h ? Q 5.3.8 .J I qn I nM M M M
is an homogeneous polynomial in a , j F i .j M
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 .5.3.9 LEMMA. Let r g N, r ) J. Then,
 .a r y I q i s r y J q i .L
L .  .b h / 0 if and only if r y I q i g I M , and in this caser
Lld h s r q d A Q a a , .  .r L L L m ryIqiu
where
d y n , if u s 0 or m - iL L u L
d sL L d y n q a m q d , if u G 1 and m s i . .L L u u L u L
M .  .c If h / 0 then r y I q i g I M , and in this caser
M .c.1 If either ¨ s 0, or ¨ G 1 and m - i then h depends only¨ L r
on a , j - r y I q I.j
 .c.2 If ¨ G 1 and m s i then¨ L
Mld h s I q d Q A a a . . .r M M M M i ryIqiM
 .  .Proof. a This is obvious from 5.3.1 .
 . Lb First of all we study the case u s 0. Since we have taken Q s 1nLL L L .and Q s 0 for any s ) 0 then, by 5.3.5 , h s h . So, by inductionn qs r rynL L
L  .  .  .h / 0 if and only if r y n y I q i g I M , that is, by a and 5.3.2 ,r L L L
L .r y I q i g I M , as wanted. If h / 0, applying the induction hypothesisr
L .  .to G , we get ld h s r y n q d A a , which has the claimedL r L L L ryiqi
form.
Assume now that u G 1. Given r g N, r ) J, write it as r s I q n q s,L L
 .with s ) 0 because J s I q n - r. By a , r y I q i s i q s. Using theL L L
 .expression 5.3.5 we have
L L L L L L Lh s h Q q h Q q h Q . 5.3.10 .r I qs n I I qS I qs n qsL L L L L 1 L 2
s qs ss1 2
0-s , s -s1 2
It is easily checked that terms hL and Q L , 0 - s , s - s, are eitherI qs n qs 1 2L 1 L 2
zero or depend only on the a , j - i q s.j L
LAssume now that h / 0, so there are s , s , 0 F s , s F s, s q s s sr 1 2 1 2 1 2
such that hL / 0, Q L / 0. Applying the induction hypothesis to GI qs n qs LL 1 L 2
 . L  .  .and 1.7 to Q , it follows that i q s g I M , m q s g I M . Asn qs L 1 u 2L 2
 .  .m F i , then by 1.1 , i q s q s s i q s g I M , as wanted.u L L 1 2 L
 .Let us prove the converse. Assume that r y I q i g I M . We
 L L L L .claim that the leading term ld h Q q h Q is nonzero, dependsI qs n I n qsL L L L
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only on the a , j F i q s, and is linear in a . Since all terms inj L i qsL
 hL Ql depend only on a , j - i q s, then, bys qs ss; 0 - s , s - s I qs n qs j L1 2 1 2 L 1 L 2
L .5.3.10 , it will result that h / 0 and has leading termr
L L L L Lld h s ld h Q q h Q . .  .r I qs n I n qsL L L L
We distinguish two cases according m - i or m s i .u L u L
 .In case m - i , the induction hypothesis and 5.3.3 easily giveu L
ld hL Q L s a L I q d A Q a a 5.3.11 .  . .I n qs u L L L L i m qsL L L u
and so hL Q L depends on a , j - i q s. Now let us compute theI n qs j LL L
leading term of hL Q L :I qs nL L
ld hL Q L s I q s q d A Q a a . 5.3.12 .  . .I qs n L L L L m i qsL L u L
 .Finally, since r s I q n q s and, by a , i q s s r y I q i then expres-L L L
 .  .  .sion 5.3.10 together with 5.3.11 and 5.3.12 gives
L L Lld h s ld h Q .  .r I qs nL L
s r y n q d A Q a a , .L L L L m ryIqiu
as wanted.
In case m s i we haveu L
ld hL Q L s a L I q d A Q a a , . .I n qs u L L L L i i qsL L L L
ld hL Q L s I q s q d A Q a a . . .I qs n L L L L i i qsL L L L
So,
ld hL Q L q hL Q L s a L I q d q I q d q s A Q a a , . . .I n qs I qs n u L L L L L L i i qsL L L L L L
5.3.13 .
 .and, by the induction hypothesis and 1.7 , it depends only on a , j F i q s,j L
and it is linear in a . Moreover, as by induction I q d ) 0, andi qs L LLL L .a ) 0, then a I q d q I q d q s ) 0. Finally, from equalitiesu u L L L L
 .  .5.3.10 and 5.3.13 we get
L L L L Lld h s ld h Q q h Q .  .r I n qs I qs nL L L L
s a L I q d q I q d q s A Q a a . .u L L L L L L i i qsL L
which has the claimed form.
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 .c First of all we discuss the case M s y1. As we took G sy1
M M .­ fr­ y if ¨ s 0 then, by 5.3.7 , h s 1 and h s 0 for any s ) 0. Onn n qsM M
 .  .the other hand, by a , it is easily checked that ¨ y I q i g I M . So, theM
claim follows in case M s y1 and ¨ s 0. If M s y1 and ¨ G 1, again by
M M M .  .  .5.3.7 , h s Q . Thus, by 1.7 , Q / 0 implies r y n q m g I M .r r r M ¨
 .  .  .As m F m F i , 1.1 gives r y n q i g I M that is, by a , r y I q¨ q L M L
M M .  .i g I M , as wanted. As, for M s y1 and ¨ G 1, h s Q , case c.1r r
 .  .  . Mfollows from 1.7 and 5.3.4 . In case c.2 , that is, m s i , as a / 0,¨ L ¨
 . . M  .  .then by 4.3 e , a s 1 and the claim follows again from 1.7 and 5.3.4 .¨
M MAssume now M / y1 and ¨ s 0. Thus, h s h . By induction,r ryn M
M  .h / 0 if and only if r y n y I q i g I M . On the other hand asryn M M MM
 .  .  .r ) J and J s I q n then 1.1 gives r y J q i g I M , that is, by a ,M M L
M M M .r y I q i g I M , as wanted. In case h / 0, as h s h then, byr r ryn M
induction hM depends only on a , j F r y n y I q i s r y J q i .ryn j M M M MM
MIn particular, as i - i , h depends only on a , j - r y J q i and, byM L r j L
 .part a again, the claim follows in case M / y1 and ¨ s 0.
Assume now M / y1 and ¨ G 1. Since r ) J and J s I q n , we canM M
write r s I q n q s, for certain s ) 0. So,M M
M M Mh s h Q . 5.3.14 .r I qs n qsM 1 M 2
s qs ss1 2
s , s G01 2
M MIf h / 0, then there are s , s G 0, s q s s s such that h / 0 andr 1 2 1 2 I qsM 1M  .4Q / 0. On one hand L g V _ 0, 0, 0 , so we can apply then qs M Jy1M 2
 .induction hypothesis to G , and get i q s g I M . On the other hand,M M 1
 . M  .by 1.7 , Q / 0 implies m q s g I M . Since we are assumingn qs ¨ 2M 2
 .i - i and m F m F i we can apply 1.1 and get i q s q s gM L ¨ q L L 1 2
 .  .  .I M , that is, by a , r y I q i g I M as wanted.
M .  .c.1 Assume now that h / 0 and m - i . From 5.3.14 it isr ¨ L
Mstraightforward to check that h depends only on a , j - i q s, asr j L
claimed.
M .c.2 Assume that h / 0 and m s i . It is easily checked thatr ¨ L
terms hM Q M , 0 - s F s, 0 F s - s, s q s s s depend only on a ,I qs n qs 1 2 1 2 jM 1 M 2
j - i q s.L
Let us now compute the leading term of hM Q M . The inductionI n qsM M
 M .  .  M .hypothesis gives ld h and the expression 5.3.4 , ld Q . So,I n qsM M
ld hM Q M s a M I q d A Q a a . . .I n qs ¨ M M M m i i qsM M M L
 .   .Since L g F , L g J , p L s min p J , and we are assumingL J M J 3 M 3 M
M  . . Mi s m and a ) 0 then, by 4.3 e , a s 1. On one hand, we have justL ¨ ¨ ¨
proved that terms in  hM Q M depend only on a ,s qs ss; 0 - s F s I qs n qs j1 2 1 M 1 M 2
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 M M .j - i q s and on the other hand ld h Q effectively depends onL I n qsM M
 .a . Then, from 5.3.14 , we geti qsL
M M Mld h s ld h Q .  .r I n qsM M
s I q d A Q a a .M M M M i i qsM L
s I q d A Q a a , .M M M M i ryIqiM
as wanted.
 .We go on with the proof of Theorem 5.3 by defining
M n L nL MG s h g G y h g G .L J L J M
As L , L g V , then G , G satisfy the induction hypothesis and weL M Jy1 L M
can write
­ f
n n n n L rG t , s t s t , s t h t , .  . .  . L r / /­ y rGJ
where
L M L L Mh s h h y h h . 5.3.15 .r J r J r
 . LFrom 5.3.15 it follows that the polynomials h are all homogeneous ofr
M .  .the same degree, because by 5.3.5 and 5.3.7 the same happens to hr
Land h .r
Notice that the term of degree J is cancelled, namely
L M L L Mh s h h y h h s 0.J J J J J
L L M .  . .By 5.3.15 , if h / 0 necessarily either h / 0 or h / 0. By 5.3.9 c ,r r r
M L .  . .if h / 0 then r y I q i g I M and, by 5.3.9 b if h / 0 then r y Ir r
 . L  .q i g I M . Therefore, if h / 0 then r y I q i g I M . If r y I q i gr
 .  . . LI M , then, by 5.3.9 b , h / 0. We are going to show that in this caser
hL has the leading term claimed in the theorem and therefore hL / 0.r r
M LFirst we compute the leading term of the product h h . On one hand,J r
L M . .  .  .  .5.3.9 b gives ld h and on the other hand, equality 5.3.8 gives ld h ,r J
so
M Lld h h s r q d I q d A A Q Q a a a a . 5.3.16 .  . . .J r L M M M L M L i m m ryIqiM ¨ u
Let us define the monomial A asL
A s I q d A A Q Q a a a . .L M M M L L M i m mM ¨ u
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It is easily checked that A is a nonzero monomial depending only on theL
coefficients a , j - i.j
L M  .If h / 0 and h s 0 then by 5.3.15r r
L M L M Lld h s ld h h s ld h ld h , .  .  . .r J r J r
L .  .  .hence, by 5.3.16 , ld h s r q d A a and it has the claimed form.r L L ryIqi
MIf h / 0, then we will distinguish three cases according to ¨ s 0 orr
¨ G 1 and m - i or m s i . In case ¨ s 0 or ¨ G 1 and m - i it is¨ L ¨ L ¨ L
L Mstraightforward to check that h h depends on a , j - r y I q i. As weJ r j
L . .  .proved in 5.3.9 b that ld h effectively depends on a , thenr ryIqi
L M M L .  .ld h h $ ld h h . Therefore,J r J r
L M L L M M Lld h s ld h h y h h s ld h h , .  . /r J r J r J r
 .  L .and, again by 5.3.16 , ld h has the claimed form.r
 .Finally let us study the case ¨ G 1 and m s i . Applying part c.2 of¨ L
 .  .5.3.9 and 5.3.6 we get
L M L Lld h h s ld h ld Q I q d A Q a a . .  .  .J r I n M M M M i ryIqiL L M
s I q d A a . 5.3.17 .  .L L L ryIqi
M  . . MSince i s m and a / 0 then, by 4.3 e , a s 1 and m - m s i .L ¨ ¨ ¨ u ¨ L
 . .  .The last assertion gives, by 5.3.9 b , that d s d y n . So 5.3.16L L L
 .together with 5.3.17 gives
M Lld h h s r q d y n A a , . .J r L L L ryIqi
L Mld h h s I q d A a . 5.3.18 .  . .J r L L L ryIqi
 .Finally, since r ) J, r q d y n y I y d s r y J, then by 5.3.15 andL L L L
 .5.3.18 ,
L M L L Mld h s ld h h y ld h h .  .  .r J r J r
s r y J A a , . L ryIqi
 .which has the claimed form. This concludes the proof of Theorem 5.3 .
 .  .5.4 Remark. It is worth noticing that the proof of Theorem 5.3 gives
a well-defined map
­ f ­ f
V ª f , , /­ y ­ x
L ¬ GL
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 .4such that G s ­ fr­ y and for each L g V_ 0, 0, 0 the correspondingLy1
G satisfiesL
­ f
n n n n L rG t , s t s t , s t h t , .  . .  . L r /­ y  .rGp L2
L  .  .  .Uand h / 0 if and only if r y p L q p L g I M . In particular,r 2 3
L  .  .Uh / 0 since p L g I M . For any L g V, G is obtained fromp L . 3 L2
 4G in the following way. First we defineD DgV
D-L
L s min D g F ¬ p D s p L .  . . 4L p L . 3 3q11
L s min J L . . .M p 1-r
Then G has the formL
G s g G y g G ,L L L M M
 4for certain g , g g C x, y withL M
p L s ord g q p L s ord g q p L , .  .  .  .  .1 t L 2 L t M 2 M
ord G ) ord g q p L . .  .  .t L t L 2 L
 .  .Moreover, if m F p L - m in case q s k we write m s ` ,q 3 L qq1 kq1
 .  q.  .  q.then ord g g n and ord g g n and g , g may be written ast L t M L M
  . . a0 aq a0X aqXsee 1.6 for the notations g s g . . . g , g s g . . . g , whereL 0 q M 0 q
 . qq1  X X . qq1a , . . . , a g N , a , . . . , a g N .0 q 0 q
 .5.5 Let Z be the Zariski open set in the parameter space
Z s a s a g C I  M . ¬ hL a / 0, L g V . .  . 4j p L .2
 .5.6 COROLLARY. As abo¨e, let g be an irreducible germ of cur¨ e at O
 4with system of characteristic exponents M s m rn , Puiseux seriesr rs1, . . . , k
s x s a x jr n , .  j
 .jgI M
and defined by the equation f s 0. Now, assume that a g Z. Then, for e¨ery
 .L g V the corresponding G g f , ­ fr­ y, ­ fr­ x satisfiesL
ord G t n , s t n s 2d q n y 1 q p L . .  . . .t L 2
 .Proof. This follows straightforwardly from 5.3 and the definition of
Z.
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6. A DIVISION THEOREM
In this section we keep the same hypothesis for the germ g as in
 .Corollary 5.6 . Namely, g is an irreducible germ of curve at O with system
 4of characteristic exponents M s m rn , Puiseux seriesr rs1, . . . , k
s x s a x jr n , .  j
 .jgI M
 .defined by the equation f s 0, and such that a s a g Z.j
Assume that L g V has been constructed at step R; to define the
  ..  .assigned G see 5.4 we chose L , L g J . The di¨ ision theorem 6.12L L M R
will allow us to prove that no matter the choice of elements L and L inL M
J to construct G , at the end we will ever obtain the same non-gaps forR L
the jacobian ideal. In order to prove the division theorem first we will state
  .  ..and prove two partial di¨ ision theorems Propositions 6.4 and 6.5 for
 .  .the elements G . In Propositions 6.4 and 6.5 we di¨ ide a fixed G by aL L
 .certain appropriate G with D - L. Proposition 6.4 applies in caseD r
 X  .  .4  .L s min D g J ¬ p L s p L and Proposition 6.5 otherwise.R 3 3
 .  .For the proof of 6.4 and 6.5 we will need a lower bound for
 .  .  .  .ord hG y hG in case that ord hG s ord hG - ord hG y hGt D D t D t D t D D
  .  . .other than the trivial ord hG y hG G ord hG q 1 . For this pur-t D D t D
 4pose we will introduce the notion of a basic element in C x, y and we will
 .prove some auxiliary lemmas concerning them that will be used in 6.4
 .and 6.5 .
 .  46.1 DEFINITION. Let g g C x, y and q g N with q F k. We say that
 . U  . qq1g is q-basic or just basic if there are c g C and a , a , . . . , a g N0 1 q
such that g s cg a0 g a1 . . . g aq, where g , i s 0, . . . , k, are the functions0 1 q i
 .defined in 1.2.1 .
 . a U6.1.1 Remark. Note that a 0-basic function has the form cx , c g C ,
 .a g N. As, by convention, we have taken m s 0, then m y m s m .0 0 q1 0 1
 .  .  .  .UIn particular, by 4.5 , m y m G i y i for any i g I M and0 q1 0 q1
equality holds if and only if i s 0.
 . X  4  .  X.6.2 LEMMA. Let g, g g C x, y be such that ord g s ord g . Thent t
U  4  .there are a unique b g C , basic c , . . . , c , and c g C x, y with ord c1 r t
G 2d such that
g s b gX q c q ??? qc q c ,1 r
 .  X.  .  .  .and ord g - ord g y b g s ord c - ??? - ord c - ord c .t t t 1 t r t
Furthermore, if g, gX are q-basic, q G 1, then
ord c G ord g q m y m . .  .  .t 1 t q qq1
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 .Proof. The first part of the claim follows by using repeatedly 2.3 . The
 .  .second part of the claim is straightforward from 1.7 and 4.5 .
 . X  4 X6.3 LEMMA. Let g, g g C x, y be q-basic and let L, L g V be such
 .  X .  X .X Xthat ord gG s ord g G - ord gG y g G . Thent L t L t L L
ord gG y gXG X G ord gG q min m y m , i y i , .  .  .  . 4q1t L L t L q qq1
  .  X.4where i s max p L , p L .3 3
 .  .  .Proof. This follows straightforwardly from 5.3 , 1.7 , and 4.5 by an
easy computation.
 .  .   ..6.4 PROPOSITION. Let D g J be such that p D ) min p J .R 3 3 R
 .   . 4Let us call p D s i. Assume that D s min L g J ¬ p L s i . Then,3 R 3
 4  .for any nonzero q-basic h g C x , y such that ord hG yt D
 .  42d q n y 1 s R, there are D g J and a basic h g C x, y such thatR
 .  .  .  .p D - p D , ord hG s ord hG , and3 3 t D t D
rL
LhG s hG q w G q F , D D d L /
 .  . ds1p L F i3 q1
L  L .  .  .  .where w are basic, ord w G G ord hG q min m y m , id t d L t D q q1 q q1
4  . Ly i , ord F G 4d q n y 1. Furthermore, if in the abo¨e equality w / 0t d
 .  .  L .  .  .and p L s i , then ord w G G ord hG q i y i.3 q1 t d L t D q1
Proof. First recall from Section 3 the definition of F , for the J step inJ
the algorithm:
X
X  4F s L g J ¬ p L ) min p J and L f F if J y J g G_ 0 . 4 .  . .J J 3 3 J J
  ..As D g J and i ) min p J , then from the definition of F , itR 3 R R
X X  4Xfollows that either D g F or D g F for certain R with R y R g G_ 0 .R R
In both cases, D g F X for certain RX with R y RX g G. On the otherR
  . 4 Xhand, as we are assuming D s min L g J ¬ p L s i and R y R g G,R 3
  . 4 XXnecessarily D s min L g J ¬ p L s i . So, at the step R of the algo-R 3
X  X X  .  . .rithm D is used to construct D s R , R q i y i, i . Hence, byq1 q1
 . X5.4 , the corresponding G has the formD
XG s g G y g G , 6.4.1 .D D D D D
X .with D s min J and g , g basic. As R y R g G, D g J too. Note- R D D Rr
 .also that, by 5.6 ,
Xord g G s ord g G s R q 2d q n y 1. 6.4.2 .  . .t D D t D D
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 .  .  .As it has been assumed ord hG y 2d q n y 1 s R, then, by 5.6 ,t D
ord h q p D s R . 6.4.3 .  .  .t 2
 .  q.Therefore, h being q-basic, R y p D g n l G. Assume that m F i2 p
l .  . .  .  .s p D - m . Then, by 4.4 a , R y p D g n l G, where l s3 pq1 2
X X .  .  .max p, q . Thus, there is a l-basic h such that ord h s R y p D .t 2
X .  .  .Note that ord h G s ord hG s R q 2d q n y 1. So, by 2.3 , theret D t D
U X .  .is a unique b g C such that ord hG y b h G ) ord hG . We taket D D t D
Xh s b h , still l-basic.
X  l. XOne easily checks that R y R g n and since R y R g G, there is a
 . X  .  .l-basic g such that ord g s R y R . Then, ord gg s ord h and, byt t D t
 .  .  .2.3 , we may also assume that such a g satisfies ord h y gg ) ord h .t D t
X .  .  .  .On the other hand, ord h s R y p D , ord g s R y R , and, by 6.4.2 ,t 2 t
X .  .  .  .  .ord g s R y p D , therefore, ord gg s ord h . So, by 2.3 , theret D 2 t D t
U  .  .is c g C such that ord h y cgg ) ord h . Lett D t
h s gg q c q ??? qc q c ,D 1 r
6.4.4 .
h s cgg q c q ??? qc q cD 1 s
 .be splits for h and h in the conditions of 6.2 . In particular, h and ggD
 .  .  .being l-basic, for any d s 1, . . . , r, ord c G ord h q m y m . Ast d t l q1 l
 .  .  .  .m F i - m and l s max p, q , by 4.5 , ord c G ord h qp pq1 t d t
 .  . 4min m y m , i y i . The same applies to c , d s 1, . . . , s. Thus,q q1 q q1 d
 .6.4.4 gives
r s
hG y hG s gg G y cgg G q c G q c G q c G y c G . D D D D D D d D d D D D
ds1 ds1
6.4.5 .
 .  .  .Since ord hG y hG ) ord hG s ord gg G , and we have shown,t D D t D t D D
except for gg G y cgg G , that all terms in the above equality have ordD D D D t
 .  .greater than ord hG , then necessarily ord gg G y cgg G )t D t D D D D
 .  .  .ord gg G which implies, by 6.3 applied to 6.4.1 , that c s 1. Now,t D D
 .  .replacing 6.4.1 in 6.4.5 , we get
r s
XhG y hG s gG q c G q c G q c G y c G , D D D d D d D D D
ds1 ds1
and it is easily checked that has the claimed form.
 .   .6.5 PROPOSITION. Let D g J be such that D / min L g J ¬ p DR R 3
 .4  .   . 4s p L . Let us call p D s i and L s min L g J ¬ p L s i . As-3 3 U R 3
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sume that m - i F m . Then,p pq1
 .  .a For any D g J such that D / D and p D s i, there are p-basicR 3
 4  .  .g, g g C x, y such that ord gG s ord gG andt D t D
rL
LgG y gG s f G q F , D D d L /
 . ds1p L -i3
L  L .  .  .where f are basic, ord f G G ord gG , ord F G 4d q n y 1, andd t d L t D t
 .there is n g G such that ord gG q n s R q 2d q n y 1.t D
 .  4  . b For any nonzero q-basic h g C x, y with ord hG y 2d q n yt D
.  4  .  .1 s R there is a basic z g C x, y such that ord hG s ord zG andt D t U
rL
LhG s zG q w G q F , D U d L /
 .  . ds1p L F i3 q1
L  L .  .  .  .where w are basic, ord w G G ord hG q min m y m , id t d L t D q q1 q q1
4  . Ly i , ord F G 4d q n y 1. Furthermore, if in the abo¨e equality w / 0t d
 .  .  L .  .  .and p L s i then ord w G G ord hG q i y i.3 q1 t d L t D q1
 .We will prove 6.5 together with
 .  .  46.6 LEMMA. Let us fix R g N and i g I M . Gi¨ en L a finiteT T g T
 .subset of J such that aT G 2 and p L - i for any T g T then, forR 3 T
 4  .any q-basic h with ord h G s R q 2 d q n y 1 andT T g T t T T
 .ord  h G ) R q 2d q n y 1, we may writet T g T T T
rL
Lh G s w G q F ,  T T d L /
 .  . ds1tgT p L F j3 q1
  . 4 L  L .where j s max p L , T g T , w are basic, ord w G G R q 2d q n3 T d t d L
 .  . 4  .y 1 q min m y m , j y j , and ord F G 4d q n y 1. More-q q1 q q1 t
L  .  .  L .o¨er, in the abo¨e equality if w / 0 and p L s j , then ord w Gd 3 q1 t d L
 .G R q 2d q n y 1 q j y j.q1
  .  ..  .Proof of 6.5 and 6.6 . We will use induction on i g I M . For
 .  .i s m the claim of 6.5 becomes trivial because, by 4.2 , it is empty. We1
 .  .divide the proof of 6.5 and 6.6 in three steps.
 .  .Step 1. We assume that the claim of 6.5 is satisfied if p D - i and3
 .we prove that 6.6 is satisfied for i.
 .We will prove the claim of 6.6 using induction on j. As the first
 .U  . elements in I M are 0 and m and only L s 0, 0, 0 an L s m y1 y1 0 1
.n, m , m have them as a third projection, we will begin the induction on1 1
j s m .1
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We fix R a step in the algorithm and assume that L , L g J . Giveny1 0 R
 .  .q-basic h, g such that ord gG s ord hG s R q 2d q n y 1 andt y1 t 0
 .ord gG q hG ) R q 2d q n y 1, as L and L are the first andt y1 0 y1 0
second elements of V with respect to the lexicographical ordering, then
 .L and h are in the hypothesis of 6.4 . So, there are a basic h with0
 .  .ord hG s ord hG andt y1 t 0
rL
LhG s hG q w G q F , 6.6.1 . 0 y1 d L
 .  . ds1p L F m3 1 q1
 .  .is under the conditions of 6.4 . As the q-basic g, h satisfy ord gG st y1
 .  .  .  .ord hG , it follows that q G 1. So, by 4.5 , min m y m , m yt 0 q q1 q 1 q1
4  .m s m y m .1 q q1 q
 .By 6.6.1 , we write hG q gG as0 y1
rL
LhG q gG s h q g G q w G q F . 6.6.2 . .  0 y1 y1 d L /
 .  . ds1p L F m q13 1
 .  .  .  .Note that, by 6.3 , ord hG q gG G ord hG q m y m . Ont 0 y1 t 0 q q1 q
 .  .  L .the other hand as 6.6.1 is under the conditions of 6.4 , ord w G Gt d L
 .  .  .  .ord hG q m y m and ord F G 4d q n y 1. By 6.6.2 , neces-t 0 q q1 q t
 .  .  .  .  .sarily ord h q g G ord g q m y m . As ord hG s ord hGt t q q1 q t y1 t 0
 .  .  .s ord gG , then ord g s ord h , so let g s yh q c q ??? qc q ct y1 t t 1 s
 .be a split in the conditions of 6.2 . Thus, replacing this split for g in
 .6.6.2 , we get
rs L
LhG q gG s c G q w G q F q c G .  0 y1 d y1 d L y1 /
ds1  .  . ds1p L F m3 1 q1
It is easily checked that all terms in the above expression are under the
 .conditions of the claim 6.6 .
Assume by induction that the claim has been proved for any finite
 4   .4subset L g J , P g N, such that max p L - j, j - i.T P 3 T
 4Fix R g N and let L be a finite subset of J such thatT T g T R
  . 4  .max p L , T g T s j. Let T g T be such that p L s j and L s3 T 0 3 T T0 0
  . 4   . 4max L ¬ T g T, p L s j . Call L s min L g J ¬ p L s j . In or-T 3 T U R 3
der to prove the claim we will distinguish two cases according to L s LT U0
or L / L .T U0
 .6.6.3 Case L s L . As aT G 2, from the definition of L itT U T0 0
 .   ..follows that p L ) min p J . So, as L s L , then L and h3 T 3 R T U T T0 0 0 0
 .  4are in the hypothesis of 6.4 . Hence, there are a basic h g C x, y and
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 .  .  .  .D g J with p D - p L such that ord h G s ord hG andR 3 3 T t T T t D0 0 0
Lh G s hG q w G q F , 6.6.4 . T T D d L /0 0
 .  . dp L F j3 q1
 .  L .  .  .where ord F G 4d q n y 1, ord w G G ord h G q min mt t d L t 0 T q q10
 . 4 L  .  .ym , j y j , furthermore if w / 0 and p L s j , thenq q1 d 3 q1
 L .  .  .ord w G G ord h G q j y j. Thus we may write  h Gt d L t T T q1 T g T T T0 0
as
Lh G s h G q hG q w G q F , 6.6.5 .   T T T T D d L
 .  . dTgT TgT p L F j3 q1T/T0
 .  .where ord hG s ord h G . In case that  h G q hG s 0,t D t T T T / T T T D0 0 0
then we reach the claimed expression. Otherwise, we define
j s max p D j p L , T g T , T / T . 4 .  . 4 .1 3 3 T 0
 .  .As L s L , then p L - p L for any T g T, T / T . So, j - jT U 3 T T 0 10 0
and we may apply the induction hypothesis to  h G q hG , andT / T T T D0
write
Lh G q hG s f G q F , 6.6.6 .  T T D d L 1 /
T/T  .  . dp L F j0 3 1 q1
L  L .  .where f are basic, ord f G G R q 2d q n y 1 q min m yd t d L q q1
 . 4  . Lm , j y j , and ord F G 4d q n y 1. Moreover, if f / 0 andq 1 q1 1 t 1 d
 .  .  L .  .p L s j , then ord f G G R q 2d q n y 1 q j y j . As j3 1 q1 t d L 1 q1 1 1
 .  .  .  .- j, by 4.5 , j y j G j y j. So, replacing 6.6.6 , we reach the1 q1 1 q1
claimed expression for  h G .T g T T T
 .6.6.7 Case L / L . Let T , . . . , T g T be the set of all T g T suchT U 0 r0
 .  .that p L s j and L / L . As p L s j - i, we apply the induc-3 T T U 3 Ts s s
 . .tion hypothesis 6.5 b to L and h , s s 0, . . . , r. So, there are basicT Ts s
 4  .  .z g C x, y , s s 0, . . . , r, such that ord z G s ord h G s R q 2ds t s U t s Ts
q n y 1 and
h G s z G q w L G q F , 6.6.8 . T T s U d , s L s /s s
 .  . d , sp L F j3 q1
L  L .  .where w are basic, ord w G G R q 2d q n y 1 q min m yd, s t d, s L q q1
 . 4  . Lm , j y j , and ord F G 4d q n y 1. Moreover, if w / 0 andq q1 t s d, s
 .  .  L .  .p L s j , then ord w G G R q 2d q n y 1 q j y j. Call3 q1 t d, s L q1
 .F s  F ; it obviously satisfies ord F G 4d q n y 1. Thus,s s t
r r
Lh G s z G q w G q F . 6.6.9 .   T T s U d , s L /s s  /
ss0 ss1  .  . d , sp L F j3 q1
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 .  .  .XAs ord z G s R q 2d q n y 1, then ord z s ord z for any 1 Ft s U t s t s
X  .  4  .s, s F r. Call n s ord z and fix a basic z g C x, y with ord z s n . Byt s t
 . U  .  .2.3 , for each z there is c g C such that ord z y c z ) ord z . Wes s t s s t
s s  .fix a split z s c z q c q . . . c in the conditions of 6.2 and callings s 1 l
 .c s  c , we can rewrite 6.6.9 ass s
r
s Lh G s czG q c G q w G q F .   T T U l U d , s L /s s
ss0 l , s  .  . d , sp L F j3 q1
 .  .If U g T, then ord h G s R q 2d q n y 1. Therefore, ord z st U U t
 .  . U  .ord h . Thus, by 2.3 , there is c g C such that ord h y c z )t U U t U U
 . U U  .ord z . Let h s c z q  c q c be a split in the conditions of 6.2t U U l l
and let b s c q c . If U f T, let b s c. In both cases,  h G can beU T g T T T
written as
h G s h G q b zG q c sG  T T T T U l U
l , sTgT TgT
T/T , . . . , T , U0 r
q w L G q F . 6.6.10 .  d , s L
 .  . d , sp L F j3 q1
 .As we are assuming ord  h G ) R q 2d q n y 1 and we havet T g T T T
shown, except for  h G q b zG , that all terms on the rightT / T , . . . T , U T T U0 r
 .side of 6.6.10 have ord greater than R q 2d q n y 1, necessarilyt
ord h G q b zG ) R q 2d q n y 1.t T T U /
TgT
T/T , . . . , T , U0 r
Ä   . 4Call j s max p L ¬ T g T, T / T , . . . , T , U .3 T 0 r
ÄIn case that b s 0, as j - j, we may apply the induction hypothesis to
 h G , and writeT / T , . . . T , U T T0 r
h G s f L G q C , 6.6.11 .  T T d L
 .  . dTgT p L F j3 q1T/T , . . . , T , U0 r
L  L .  .where f are basic, ord f G G R q 2d q n y 1 q min m yd t d L q q1
Ä Ä L . 4  .m , j y j , and ord C G 4d q n y 1. Moreover, if f / 0 andq q1 t d
Ä L Ä Ä Ä .  .  .  .p L s j , then ord f G G R q 2d q n y 1 q j y j. As j -3 q1 t d L q1
Ä Ä .  .  .  .  .j, by 4.5 , j y j G j y j. So, replacing 6.6.11 in 6.6.10 we reachq1 q1
the claimed expression for  h G .T g T T T
Ä .   .In case that b / 0, as p L s j ) j and L s min L g J ¬ p L3 U U R 3
4  4  4 s j , then L ¬ T g T, T / T , . . . , T , U j L , h ¬ T g T, T /T 0 r U T
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4  4  .T , . . . , T , U j b z , are in the hypothesis of case 6.6.3 . So, we may0 r
write
h G q b zG s f L G q C , 6.6.12 .  T T U d L
 .  . dTgT p L F j3 q1T/T , . . . , T , U0 r
where f L and C are in the conditions of the claim. Finally, replacingd
 .  .6.6.12 in 6.6.10 we reach the claimed expression for  h G in caseT g T T T
b / 0.
 .  .  . .Step 2. If 6.5 is satisfied for p D - i, then 6.5 a is true for3
 .p D s i.3
 .  .  .6.7 Let D, D g J be such that D / D and p D s p D s i. As-R 3 3
Xsume that D, D g J for certain P with R y P g G and D, D f J forP P
X X  4any P with P y P g G_ 0 .
 . X X X XBy 5.4 , there are L , L , L , L g V and basic g , g , g , g withL L M M L L M M
X X X XG s g G y g G , G s g G y g G 6.7.1 .D L L M M D L L M M
 . X X  .Xand calling p L s i , T s L, L , M, M , then i s i , i s i and3 T T L L L q1
 .  .Xi - i , i - i . Moreover, by 5.4 and 5.5 ,M L M L
ord g G s ord g G s p D q 2d q n y 1, .  .  .t L L t M M 1
6.7.2 .
X X X Xord g G s ord g G s p D q 2d q n y 1. . .  .t L L t M M 1
We distinguish two cases according to L s LX or L / LX.
 . X6.8 Case L s L . Assume that m F i - m , or equivalently mp L pq1 p
X . X- i s i F m . Since D, D g J and D, D f J for any P withL q1 pq1 P P
X p 4  . .  .  .  .P y P g G_ 0 , then by 4.4 b , P y p D g n l G, P y p D g2 2
p .  .  .n l G. Thus, there are p-basic g, g with ord g s P y p D andt 2
 .  .  .  .ord g s P y p D and it is easily checked that ord gg s ord gg .t 2 t L t L
 .  .Therefore, by 2.3 , we may take g, g such that ord gg y gg )t L L
 .  .ord gg . In this case, as g, g have been chosen p-basic and, by 5.4 ,t L
 .  .  .  .g , g in 6.7.1 are p-basic then, by 6.2 , ord gg y gg G ord gg qL L t L L t L
 .m y m . Letp q1 p
L L Lgg s gg q c q ??? qc q c 6.8.1 .L L 1 r
 .be a split in the conditions of 6.2 .
 .On the other hand, from 6.7.1 , we may write
X XgG y gG s gg y gg G q gg G y gg G . 6.8.2 . .D D L L L M M M M
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 . .  .First we prove that ord gg y gg G G ord gG . As we have shownt L L L t D
 .  .  .that ord gg y gg G ord gg q m y m , and we are assumingt L L t L p q1 p
 .that m F i , by 4.5 ,p L
ord gg y gg G G ord gg G q i y i .  . . .t L L L t L L L Lq1
 .  .  .  .and, by 6.7.2 , ord gg G s ord g q p D q 2d q n y 1. Thus, ast L L t 1
 .  .  .p D s p D q i y i .2 1 L q1 L
ord gg y gg G G ord g q p D q 2d q n y 1 s ord gG , .  .  . . .t L L L t 2 t D
as wanted.
 .  .  .As we have shown before that ord gg G s ord gg G - ord gG ,t L L t L L t D
 .  .by 6.7.2 and 6.8.2 , it follows
X Xord gg G y gg G G ord gG ) ord gg G . 6.8.3 .  .  . .t M M M M t D t M M
X  .  .  . Assume M s M: then ord gg s ord gg . Thus, by 6.8.3 , ord ggt M t M t M
.  .y gg ) ord gg . So, letM t M
M M Mgg s gg q c q ??? qc q c 6.8.4 .M M 1 r
 .  .be a split in the conditions of 6.2 . Now replacing the splits 6.8.1 and
 .  .6.8.4 in 6.8.2 we get
L M L MgG y gG s c G q c G q c G q c G D D d L d M L M
d d
and it is easily shown that it has the claimed form for the case L s LX and
M s M X.
Let us now assume that M / M X. It is straightforward to check that
 4  4  .XL , L and the p-basic ygg , gg are under the hypothesis of 6.6 .M M M M
So, we may write
L
X Xgg G y gg G s w G q F , 6.8.5 . M M M M d L /
 .  . dp L F j3 q1
 . L  L .  .Xwhere j s max i , i , w are basic, ord w G G ord gg G qM M d t d L t M M
 .  . 4  .min m y m , j y j , and ord F G 4d q n y 1.p q1 p q1 t
 .  .  .Hence, replacing 6.8.5 and 6.8.1 in 6.8.2 we get
L L LgG y gG s c G q w G q F q C G  D D d L d L L /  /
d  .  . dp L F j3 q1
and again it follows easily that the above expression has the claimed form.
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 . X X X6.9 Case L / L . If M s M a similar proof as in case L s L ,
M / M X applies. We will assume M / M X.
 .  . XCall S s P y p D q p D . Let us check that L , L g J , that is,2 1 L L S
 .  .  .  .XS y p L g G, S y p L g G. Write S y p L s P y p D q2 L 2 L 2 L 2
 .  .  .  .p D y p L . Since D g J , that is, P y p D g G and, by 6.7.2 ,1 2 L P 2
 .  .  .p D y p L g G, then S y p L g G as claimed. In the same way1 2 L 2 L
 .Xone proves S y p L g G.2 L
 . XFurthermore, as i - i s i and L / L , we can apply the inductionL L q1
 . . Xhypothesis 6.5 a to L and L . If p is such that m - i F m , thenL L p L pq1
X X 4  .  .Xthere are p-basic b, b g C x, y such that ord bG s ord b G andt L t L
bG y bXG X s f L G q F , 6.9.1 . L L d L
 . dp L -i3 L
L  L .  .  .where the f 's are basic, ord f G G ord bG , ord F G 4d q n yd t d L t L t
 .1, and there is n g G with n q ord bG s S q 2d q n y 1.t L
  ..  .  .As we are assuming see 6.7 D, D g J , p D s p D , and D, D fP 3 3
X X  4  . .  .  p.XJ for any P with P y P g G_ 0 , then, by 4.4 b , P y p D g nP 2
p .  .l G and P y p D g n l G, where m - i F m . So, there are2 p pq1
 .  .  .  .p-basic w, w such that ord w s P y p D , ord w s P y p D . Byt 2 t 2
 .5.6 , such w, w satisfy
P q 2d q n y 1 s ord wG s ord wG , .  .t D t D
 .and, by 6.7.2 ,
X XS q 2d q n y 1 s ord wg G s ord wg G , .  .t L L t L L
6.9.2 .
X XS q 2d q n y 1 s ord wg G s ord wg G . .  .t M M t M M
 .  X .XAs S q 2d q n y 1 s ord bG q n s ord b G q n , for certain n gt L t L
G, then
X
Xn q ord b s ord wg , n q ord b s ord wg . 6.9.3 .  .  .  . .t t L t t L
 .  p.From 6.9.3 , it follows that n g n and since n g G, there is a p-basic
 4  .  .  .u g C x, y such that ord u s n . Hence, as ord ub s ord wg andt t t L
X U .  .  .Xord ub s ord wg , by 2.3 , there are c, c g C such that the follow-t t L
 .Xing splits for wg and wg are under the conditions of 6.2 ,L L
cwg s ub q c q ??? qc q c ,L 1 r
6.9.4 .X X X X
Xcwg s ub q c q ??? qc q c .L 1 s
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Let g s cw and g s cw. As w, w are p-basic, g, g are also p-basic. Hence,
 .  .by 6.7.1 and 6.9.1 ,
X X X XgG y gG s gg G y gg G y gg G q gg GD D L L M M L L M M
s ub q c q ??? qc q c G .1 r L
y ubX q c X q ??? qc X q c G X .1 s L
X Xy gg G q gg GM M M M
r s
XL
Xs uf G q c G q c G   d L d L d L
 . d ds1 ds1p L -i3 L
X
X X Xy gg G q gg G q c G q c G q uF . 6.9.5 .M M M M L L
X  .XCall F s uF q c G q c G ; then ord F G 4d q n y 1.L L t
 .  .  .  .As the splits in 6.9.4 satisfy ord c G ord ub q m y m , d st d t p q1 p
 X .  X.  . XX1, . . . , r, ord c G ord ub q m y m , d s 1, . . . , s, and we aret d t p q1 p
 .  .  .  .assuming m F i - m , then, by 4.5 , 6.7.2 , and 6.9.4 , ord c Gp L pq1 t d L
X .  .  .XG ord gG , ord c G G ord gG . Now, it is easily checked thatt D t d L t D
 4  4  .X XL ,L , and the l-basic ygg , gg are under the hypothesis of 6.6 ,M M M M
so
XL
X Xgg G y gg G s w G q F , 6.9.6 . M M M M d L
 .  . dp L F j3 M q1
 X .  .  L .Xwhere ord F G 4d q n y 1, j s max i , i , and w G Gt M M M d L
 .  .  . 4ord gg G q min m y m , j y j . Note that as m F i ,t M M l q1 l M q1 M p L
 .  .  .j F i - i, and l s max p, q then, by 4.5 ,M q1 L
ord w L G G ord gg G q i y i s ord gG . .  .  . .t d L t M M L L t Dq1
 .  .Replacing 6.9.6 in 6.9.5 we reach the claimed expression for gG y gG .D D
  ..Finally, as we assumed see 6.7 that R y P g G and we have shown
 .  .that ord gG s ord gG s P q 2d q n y 1, taking n s R y P, partt D t D
 . .6.5 a of the claim follows.
 . .  .  . .  .Step 3. Proposition 6.5 a for p D F i implies 6.5 b for p D s i.3 3
First we need an auxiliary lemma:
 .  .  .6.10 LEMMA. Let i g I M be such that 6.6 is true for i. Let
 4  .L be a subset of V such that p L - i for any T g T. CallT T g T 3 T
  . 4j s max p L ¬ T g T and let D, Q g N be such that D - Q F D q3 T
 .  T  . 4j y j. Gi¨ en f ¬ L, d g Q a finite family of basic elements such thatq1 d
 .  T .a D F ord f G - Q,t d T
 .  T .b ord  f G G Qt T , d d T
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 L4  4then there are a finite family of basic elements b and C g C x, y suchd
 .  L .that ord C G 4d q n y 1, ord b G G Q,t t d L
fTG s bL G q C , d T d L
 . L , dT , d gQ
L  .and furthermore, if b / 0, then p L F j.d 3
Proof. First of all let us show that there is no restriction in assuming
 .  X. Xthat, for each T g T there are no T , s , T , s g Q, s / s , such that
 T .  T .  . UXord f s ord f . Otherwise, by 2.3 , there is c g C such thatt s t s s
 T T .  T . T T T TX Xord f y c f ) ord f . Let f s c f q  c q c be a split int s s s t s s s s r r
 . T TXconditions of 6.2 . Therefore, replacing in  f G the split for f we getd d T s
fTG s fTG q 1 q c fTG q c TG q c TG , .  d T d T s s T r T T
X rd d/s , s
 T .  T .  T .where ord c G G 4d q n y 1, ord c ) ord f . Since Q is finite,t T t r t s
repeating this argument, for each T g T, a finite number of times we will
reach an expression in the form
fTG s wTG q c TG q F ,  d T d T d T
 . T , d T , dT , d gQ
 T .  T .  .where D F ord w G - Q, ord c G G Q, ord F G 4d q n y 1,t d T t d T t
T T X  T .  T .X Xand there are no w , w , d / d , with ord w s ord w . If the claim itd d t d t d
is proved for  wTG , then it also holds for  fTG . Hence, inT , d. d T T , d.g Q d T
the sequel we will assume that for each T g T there are no two fT 's withd
same ord .t
Let
D s min ord fTG ¬ T , d g Q , . 4 .1 t d T
T s T g T ¬ ' T , d g Q with ord fTG s D , . 4 .1 t d T 1
Q s T , d g Q ¬ ord fTG s D . . 4 .1 t d T 1
As we are assuming that there are no two fT 's with the same ord , thend t
 .  .aT s aQ . On the other hand, conditions a and b imply that aT G 2.1 1 1
  . 4  4So, as j s max p L ¬ T g T - i, then L and Q are under the3 T T T g T 11
 .hypothesis of 6.6 . So, we may write
fTG s w L G q F , 6.10.1 .  d T d L
 .  .  . dT , d gQ p L F j1 3 1 q1
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 .   . 4 Lwhere ord F G 4d q n y 1, j s max p L ¬ T g T , the w are basict 1 3 T 1 d
 L . L  .  .and such that ord w G ) D . Moreover, if w / 0 and p L s j ,t d L 1 d 3 1 q1
 L .  .  .then ord w G G D q j y j . From 6.10.1 , we writet d L 1 1 q1 1
fTG s fTG q fTG  d T d T d T
 .  .  .T , d gQ T , d gQ T , d gQ _ Q1 1
s w L G q w L G   d L d L
 .  . d  .  . dp L - j p L s j3 1 q1 3 1 q1
q fTG q F . d T
 .T , d gQ _ Q1
L  L .All terms in the addition   w G satisfy ord w G G D qp L .s j . d d L t d L 13 1 q1
 .  .  .j y j . As D G D and j F j, by 4.5 , D q j y j G Q. On one1 q1 1 1 1 1 1 q1 1
 T .  .hand, D - ord f G - Q for T , d g Q_Q . On the other hand, all1 t d T 1
L  L .terms w G with ord w G - Q appearing in the first sum on thed L t d L
second line are again under the hypothesis of the lemma, but this time
  L .4  .min ord w ) D . So, repeating the same argument at most j y jt T 1 q1
Ttimes we will reach the claimed expression for  f G .Q d T
 . .  .Next we continue with the proof of 6.5 b for p D s i.3
 .  .6.11 As we are assuming D, L g J , D / L , and m - i s p DU R U p 3
 . .  4  .F m , by 6.5 a , there are p-basic g, g g C x, y such that ord gGpq1 U t D
 .s ord g G andt U U
gG y g G s f L G q F , 6.11.1 . D U U d L
 . dp L -i3
L  L .  .  .where f are basic, ord f G G ord gG , ord F G 4d q n y 1, andd t d L t D t
 .  .there is n g G with ord gG q n s R q 2d q n y 1. As ord hG s Rt D t D
 .  .q 2d q n y 1, then ord g q n s ord h . Since h has been assumedt t
 l.  .q-basic and g is p-basic then, n g n , where l s max p, q . So we may
 4  .  .take a l-basic w g C x, y such that ord w s n and ord h y wg )t t
 .ord h . For such a w lett
h s wg q c q ??? qc q c 6.11.2 .1 r
 .a split in the conditions of 6.2 . In particular, for d s 1, . . . , r,
ord c G ord h q m y m .  .  .t d t l lq1
G ord h q min i y i , m y m . 6.11.3 .  .  .  . 4q1t q qq1
 .  .  .As ord g G s ord gG and ord wgG s R q 2d q n y 1, thent U U t D t D
 .  .  . Uord wg G s ord hG . Therefore, by 2.3 , there is a unique b g Ct U U t D
TJURINA NUMBER 151
 .such that ord hG y b wg G ) R q 2d q n y 1. Moreover, as h andt D U U
 .wg are l-basic, we have, by 6.3 ,U
ord hG y b wg G G ord hG q min m y m , i y i . 4 .  .  .  .q1t D U U t D l lq1
We take z s b wg , still l-basic.U
 .  .By 6.11.1 and 6.11.2 , we may write
hG y zG s wf L G q 1 y b wg G q c G q FX , .  D U d L U U d D
 . d dp L -i3
6.11.4 .
where we denote by FX the term wF q c G whose ord is greater thanD t
4d q n y 1.
 .First note that all the G 's appearing on the right side of 6.11.4 haveL
 .  .  .  .  .p L F i. Since p D s i and, by 6.11.3 , ord c G G ord hG q3 3 t d D t D
 .  . 4min i y i, m y m , the term  c G satisfies the conditions ofq1 q q1 q d d D
 . .the claim 6.5 b .
Next we will work on the remaining terms. We distinguish two cases
according to b s 1 or b / 1.
 .  .6.11.5 Case b s 1. Call Q the finite set of all indexes L, d corre-
sponding to the terms f L appearing in the first sum on the right side ofd
 .  .  .  . 4equality 6.11.4 and call Q s ord hG q min m y m , i y i .t D q q1 q q1
 .  L . 4  .We define Q s L, d g Q ¬ ord wf G - Q and Q s L, d g Q ¬1 t d D 2
 L . 4  .ord wf G G Q . For any L, d g Q , we have on one hand thatt d L 2
 .  L .p L - i and on the other hand ord wf G G Q, hence the terms3 t d L
L  .  . .wf G , L, d g Q satisfy the conditions of the claim 6.5 b .d L 2
Except for  wf L G , we have shown that all terms on the right side ofQ d L1
 .  .  .6.11.4 have ord greater than Q, and as, by 6.3 , ord hG y zG G Q,t t D U
necessarily
ord wf L G G Q.t d L /
 .L , d gQ1
  .  . 4  L .  .Call j s max p L ¬ L, d g Q . Since ord wf G G ord hG , j -3 1 t d L t D
 .  .  . 4i, and we have defined Q s ord hG q min m y m , i y i ,t D q q1 q q1
 .  .  .   . 4  Lthen, by 4.5 , Q F ord hG q j y j. So, L ¬ L, d g Q and wft D q1 1 d
 . 4  .¬ L, d g Q are under the hypothesis of 6.10 . Thus, we may write1
wf L G s bL G q C , 6.11.6 . d L d L
 . L , dL , d gQ1
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 .  L . Lwhere ord C G 4d q n y 1, ord b G G Q and for any nonzero bt t d L d
 .  .  .we have that p L F i. Thus, replacing 6.11.6 in 6.11.4 we get that3
hG y zG has the claimed form in case b s 1.D U
 .  .6.11.7 Case b / 1. We define Q and Q as in 6.11.5 . Call1
 .  .  . 4again Q s ord hG q min m y m , i y i . Recall that z st D q q1 q q1
 .  L .  .  .b wg and, by 6.11.1 , ord f G G ord gG s ord g G , thusU t d L t D t U U
 L .  .  .  .ord wf G G ord hG s ord zG for any L, d g Q.t d L t D t U
 .As we have chosen the basic z in such a way that ord hG st D
 .  .ord zG s R q 2d q n y 1, ord hG y zG G Q and, except fort U t D U
L  . wf G q 1 y b wg G , we have shown that all other terms on theQ d L U U1
 .right side of equality 6.11.4 have ord greater than Q, then if b / 1,t
 .  . .necessarily there must be L, d g Q such that ord 1 y b wg G s1 t U U
 L .ord wf G . In particular, this implies L g J . On the other hand, ast d L R
 .  .  .the L's with L, d g Q are such that p L - i, then i s p L )1 3 3 U
  ..   . 4min p J . Since L s min L g J ¬ p L s i , then L and the l-3 R U R 3 U
 .  . Xbasic 1 y b wg are under the hypothesis of 6.4 , so there are D g JU R
 X.  . Xwith p D - p L and a basic h such that3 3 U
1 y b wg G s hXG X q w L G q C , 6.11.8 .  .U U D d L
 .  .p L F i3 q1
L  L .  .  . 4where w are basic, ord w G G min i y i, m y m , andd t d L q1 l q1 l
 . L  .  .ord C G 4d q n y 1. Moreover, for any nonzero w with p L s i ,t d 3 q1
 L .  .  .  .  .ord w G G ord wg G q i y i. As l G q, by 4.5 , m y mt d L t U U q1 l q1 l
 .  .  .G m y m . So, replacing 6.11.8 in 6.11.4 we getq q1 q
hG y zG s wf L G q hXG X q c G  D U d L D d D
 . d dp L -i3
q w L G q fX q C  d L
 .  . dp L F i3 q1
s bL G q FX q C. 6.11.9 .  d L
 .  . dp L F i3 q1
 .One easily checks that all G 's on the right side of 6.11.9 withL
 L .  .ord b G - Q are such that p L - i, therefore they are under thet d L 3
 .  .conditions of case 6.11.5 . Now the proof follows as in case 6.11.5 . So,
 .this concludes the proof of 6.5 .
 .  .6.12 DIVISION THEOREM. Let D g J . Assume that D / min J .R - Rr
 4  .Then, for any h g C x, y with ord hG s R q 2d q n y 1, there aret D
 4  .  .h g C x, y and D g J such that D - D, ord hG s ord hG andR r t D t D
hG s hG q w G q F ,D D L L
LgV
 .  .  .where ord w G ) ord hG and ord F G 4d q n y 1.t L L t D t
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 .  .  .Proof. Let g be basic and such that ord g s ord h , ord g y h )t t t
 .  .ord h . Thus, ord gG s R q 2d q n y 1. Lett t D
h s g q c q ??? qc q c 6.12.1 .1 r
 .be a split in the conditions of 6.2 .
  .  .4  .In case that D s min L g J ¬ p L s p D , as D / min J ,R 3 3 - Rr
 .  .   ..then, by 4.1 , p D ) min p J . So, D and the basic g are under the3 3 R
 .  4hypothesis of 6.4 . Thus, there are D g J and a basic h g C x, y suchR
 .  .  .  .that p D - p D , in particular D - D, ord gG s ord hG ,3 3 r t D t D
 .  .ord gG y hG ) ord hG , andt D D t D
LgG s hG q w G q F , 6.12.2 . D D d L
 .   .. dp L F p D3 3 q1
 L .  .  .where ord w G ) ord gG and ord F G 4d q n y 1.t d L t D t
  .  .4 In case that D / min L g J ¬ p L s p D , let D s min L g J ¬R 3 3 R
 .  .4  . .  4p L s p D . Then, by 6.5 b , there is a basic h g C x, y such that3 3
LgG s hG q w G q F , 6.12.3 . D D d L
 .   .. dp L F p D3 3 q1
 L .  .  .where ord w G ) ord gG and ord F G 4d q n y 1. Note also that,t d L t D t
 .by 4.1 , D - D.r
 .Hence, in both cases, multiplying the split 6.12.1 by G and then,D
 . replacing the expression for gG obtained either in 6.12.2 if D s min LD
 .  .4  .   .g J ¬ p L s p D or in 6.12.3 if D / min L g J ¬ p L sR 3 3 R 3
 .4p D , we get3
s
hG s hG q w G q c G q c G q F , D D L L d D D
 .   .. ds1p L F p D3 3 q1
where, for each L, we call w s  w L which obviously satisfiesL d d
 .  .ord w G ) ord hG . So, the above expression has the claimed form.t L L t D
7. MAIN THEOREM: MINIMUM TJURINA NUMBER
 .Still assume the same hypothesis for the germ g as in Corollary 5.6 .
 .Our aim is to show that p V q G is the set of non-gaps for the jacobian2
 .ideal of g with respect to the flag of complete ideals 2.7.1 . In Corollary
 .5.6 we proved that all integers in the above set are non-gaps. In this
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section we will show the converse and we also determine a C-basis of
 4C x, y rJ, where we denote by J the jacobian ideal of g .
 .  .  .7.1 PROPOSITION. Let g be as in 5.6 . Let H g f , ­ fr­ x, ­ fr­ y .
Then there exist D g V and n g G with
ord H t n , s t n s 2d q n y 1 q p D q n . .  . . .t 2
Proof. Call N the step in which the algorithm finishes. Recall from
   .Section 3, that this means V s V and j g N ¬ j G N and j f p VNy1 2
.4q G s B.
 .In case ord H G N q 2d q n y 1, the claim obviously follows.t
 .Let us now assume that ord H - N q 2d q n y 1. Since H gt
 .f , ­ fr­ x, ­ fr­ y , we have defined G s ­ fr­ y, G s y­ fr­ x, andL Ly1 0
 .for any L g V, the corresponding G belongs to f , ­ fr­ y, ­ fr­ x , weL
can write
H s w G q C f . 7.1.1 . L L
LgV
 .From the above expression we define a pair J, D g N = V as
J s min ord w G , D s max L ¬ ord w G s J . 4  4 .  .t L L t L L
-L r
 .  .In case that ord H s J, then by 5.6 ,t
ord H s p D q 2d q n y 1 q ord w , 7.1.2 .  .  .  .t 2 t D
 .which has the claimed form. Otherwise, J - ord H and necessarily theret
X  .  . X Xis D / D such that ord w G s ord w G . Hence, as D s max L ¬t D D t D D -r
 . 4 Xord w G s J , then D - D and so D and w are in the hypothesis oft L L r D
 .  46.12 . Therefore, there are D g V and h g C x, y such that D -r
 .  .D, ord w G s ord hG andt D D t D
w G s hG q f G q F ,D D D L L
LgV
 .  .where ord f G ) J and ord F G 4d q n y 1. Replacing the abovet L L t
 .expression for w G in 7.1.1 , we getD D
H s w G q hG q f G q F q C f L L D L L
L/D LgV
s w G q F q C f . 7.1.3 .Ä L L
LgV
Ä Ä .  .From 7.1.3 we define again a pair J, D g N = V in the same way as we
Ä Ä .  .define J, D for 7.1.1 . Note that we have either J ) J or J s J and
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Ä ÄD - D. In case J s J, as the set V is finite, repeating the above proce-r
Ä Ä Ä .dure a finite number of times we will reach a pair J, D with J ) J. Since
Ä Ä Ä .  .at each step the pair J, D is such that J F ord H , necessarily in a finitet
number of steps we will get an expression for H in the form
H s C G q F q C f , L L
LgV
 .  .   .4with ord F G 4d q n y 1 and ord H s min ord C G , which givest t t L L
 .for ord H the claimed form.t
 .  .Corollary 5.6 and Proposition 7.1 give the gaps for the jacobian ideal,
 .J, with respect to the flag of complete ideals 2.7.1 . Namely,
 .7.2 THEOREM. Let g be an irreducible germ of cur¨ e at O with system of
 4characteristic exponents M s m rn , Puiseux seriesr rs1, . . . , k
a x jr n , j
 .jgI M
 .and defined by the equation f s 0. Assume that the coefficients a s aj
  . .belong to the Zariski open set Z see 5.5 for the definition . Let J be the
 .jacobian ideal of g , that is, J s f , ­ fr­ y, ­r­ x . Let i g N. Then, H is ai
non-gap for J if and only if there exist L g V and n g G such that
i s p L q n . .2
In particular, the number of gaps for J is
a J s a N_ p V q G . .  . . .2
 .We denote by t M the minimum Tjurina number in the equisingu-min
 .larity class of the given germ g . Theorem 7.2 together with formula
 .2.7.2 leads to
 .  .    . ..7.3 COROLLARY. t M s d q n y 1 q a N_ p V q G , wheremin 2
V is gi¨ en by the algorithm of Section 3.
  .   .Let L s n g G ¬ n - 2d q n y 1 or n y 2d q n y 1 g N_ p V q2
.4   . .G . For any n g G we fix a basic z see 6.1 for the definition such thatn
 .ord z s n .t n
 .  .7.4 THEOREM. Let g be as in 7.2 and let J be its jacobian ideal. Then,
 4the classes modulo J of z , n g L are a C-basis of the ¨ector space C x, y rJ.n
  4  . 4Proof. Since H s g g C x, y ¬ ord g G 2d q n y 1 , then, by0 t
 . .2.4 a , the classes modulo H of z , n g G, and n - 2d q n y 1 are a0 n
 4C-basis of C x, y rH .0
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 .On the other hand, the flag of complete ideals 2.7.1 is such that
H > J > H . Therefore, it is enough to show that the classes modulo J of0 M
 .   . .z , n y 2d q n y 1 g N_ p V q G , are a C-basis of H rJ, but thisn 2 0
 .follows from 7.2 .
 .  47.5 EXAMPLE. Take M s 12r9, 17r9 . The algorithm of Section 3
 .gives t M s 80. If g is generic within this equisingularity class, a basismin
of the miniversal deformation of g , obtained from the gaps as explained in
 .7.4 , is
1, x , y , x 2 , xy , y2 , x 3 , x 2 y , xy2 , x 4 , x 3 y , y3 y x 4 , x 2 y2 , x 5, x 4 y , .
x y3 y x 4 , x 3 y2 , y y3 y x 4 , x6 , x 5 y , x 2 y3 y x 4 , x 4 y2 , .  .  .
xy y3 y x 4 , x7, y2 y3 y x 4 , x6 y , x 3 y3 y x 4 , x 5 y2 , x 2 y y3 y x 4 , .  .  .  .
x8 , xy2 y3 y x 4 , x7 y , x 4 y3 y x 4 , x6 y2 , x 3 y y3 y x 4 , x9 , .  .  .
23 4 2 2 3 4 8 5 3 4 7 2 4 3 4y y x , x y y y x , x y , x y y x , x y , x y y y x , .  .  .  .
2 210 3 4 3 2 3 4 9 3 4 6 8 2x , x y y x , x y y y x , x y , y y y x , x y , x y , .  .  .
2 25 3 4 11 2 3 4 4 2 3 4 10 3 4x y y y x , x , x y y x , x y y y x , x y , xy y y x , .  .  .  .
x7 y3 y x 4 , x9 y2 , x6 y y3 y x 4 , x12 , x 5 y2 y3 y x 4 , x11 y , .  .  .
22 3 4 8 3 4 10 2 7 3 4 13 6 2 3 4x y y y x , x y y x , x y , x y y y x , x , x y y y x , .  .  .  .
x12 y , x9 y3 y x 4 , x8 y y3 y x 4 , x14 , x7 y2 y3 y x 4 , x13 y , .  .  .
x10 y3 y x 4 , x9 y y3 y x 4 , x8 y2 y3 y x 4 , x11 y3 y x 4 , .  .  .  .
x10 y y3 y x 4 , x9 y2 y3 y x 4 , x10 y2 y3 y x 4 . .  .  .
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